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Summary



In this thesis, we consider problems in extremal combinatorics concerning the number of copies of a fixed graph in another larger graph. Many of these problems can be phrased in terms of inducibility informally defined as follows: Given a graph F, the inducibility of F is the maximum proportion of induced copies of F in a large graph G. We also consider how to maximize or minimize the number of copies of F in G when G has a fixed edge-density. We address these problems in a variety of settings, including edge-colored graphs, edge-weighted graphs, oriented graphs, and ordered graphs. In some of these settings, we consider the number of (not necessarily induced) subgraphs of G that are isomorphic to F, while in others we only consider the induced subgraphs of G.




Our first results concern the inducibility of rainbow graphs, i.e. graphs where every edge is assigned a distinct color. This is inspired by work in [30] on the inducibility of oriented rainbow graphs. We remove the orientation of edges and prove that there is an absolute constant C>0 such that every k-vertex connected rainbow graph R with minimum degree at least C⁢log⁡k has inducibility k!/(kk−k). We show that the same result holds if k≥11, and R is a clique. This answers a question posed by Huang [18], that is a generalization of an old problem of Erdős and Sós. We show that the connectedness assumption on R is necessary and also consider the problem when our rainbow coloring of R is not fixed.




Our next result is in the setting of oriented graphs. The fundamental conjecture in the area of inducibility, due to Pippenger and Golumbic [34], concerns the inducibility of cycles in simple graphs. Inspired by the work in [20], we prove an upper bound on the number of oriented cycles in an oriented graph that supports the Pippenger–Golumbic conjecture for graphs with lower edge density.




The remaining problems discussed in this thesis consider the same basic question of minimizing or maximizing the number of copies of a smaller graph in a larger graph, but where the edge density of the larger graph is fixed. We refer to such problems as subgraph density problems and consider them in the following settings:


	(1) 

Edge-colored complete graphs. For s≥2, we define a particular 3-edge-colored complete graph Fs on 2⁢s vertices with colors blue, green, and red, and determine, for each (xb,xg) with xb+xg≤1 and xb,xg≥0, the maximum density of F in a large graph whose blue, green, and red edge sets have densities xb,xg and 1−xb−xg, respectively. We extend the concept of the feasible region to edge-colored complete graphs as well, with some help from the theory of graphons, and compute it entirely for Fs. These are the first nontrivial examples of colored graphs for which such complete results have been proved and are an extension of work in [26].




	(2) 

Edge-weighted graphs. Given a fixed number of edges m in a graph G and an integer k≥2, the Kruskal–Katona theorem [19, 21] implies that the maximum number of copies of the complete graph Kk in G is achieved when G is as close to a clique as possible. We address a generalization when the edges are assigned weights.
We show that in the weighted setting, where each edge-weight lies in [0,1], the weighted number of copies of Kk can exceed the bound in the unweighted setting, but only by a lower order term.




	(3) 

Stars. We consider simple graphs and correct an error in a result of Reiher and Wagner [37]. We prove that the number of k-edge stars in a graph with density γ∈[0,1] is asymptotically maximized by a clique and isolated vertices or its complement. Inspired by this problem, we also consider how to maximize the sum of the number of k-edge stars in a graph with density γ∈[0,1] and the number of copies in its complement. We show that the same constructions maximize this quantity for k=2 and 3 as in the original case.




	(4) 

Ordered graphs. We consider graphs with a total order on their vertices. Among all ordered n-vertex graphs with m edges, we determine the maximum and minimum number of copies of a k-edge star whose nonleaf vertex is minimum among all vertices of the star. The constructions achieving the minimum and maximum are similar to the construction in [37] that achieves the maximum star density for simple graphs for certain edge densities. Further, we determine the maximum and minimum number of copies for almost all ordered graphs on 3 vertices.










Chapter 1 Introduction



We consider inducibility and subgraph density problems in many settings. In the literature, some of these settings have overlapping notation, so we will need to use nonstandard notation for some problems.




1.1. Inducibility



1.1.1. The inducibility of simple graphs



Fix a graph F on k vertices and another graph G on n>k vertices. For S⊂V, let G⁢[S] be the induced subgraph of G on vertex set S.
Write Nind⁢(F,G) for the number of k-subsets S⊂V⁢(G)
such that G⁢[S]≅F and let




	
	ϱind⁢(F,G):=Nind⁢(F,G)(nk).
	



Many foundational questions in extremal graph theory deal with estimating ϱind⁢(F,G) for various choices of F and G.




Let Nind⁢(F,n) be the maximum of
Nind⁢(F,G) over all n vertex graphs G. A standard averaging argument implies that




	
	ind⁡(F,n):=Nind⁢(F,n)(nk)≤Nind⁢(F,n−1)(n−1k)=ind⁡(F,n−1).
	



Consequently, ind⁡(F,n) is a decreasing sequence bounded below by zero, so it has a limit. Define the inducibility of F as




	
	ind⁡(F):=limn→∞ind⁡(F,n).
	






The iterated balanced blow-up of a graph F is a family 𝒢F⁢(n) of graphs on n vertices defined inductively as follows. Label V⁢(F) with [k]:={1,…,k}. For n<k, the family 𝒢F⁢(n) contains only the empty graph on n vertices. For n≥k, for any G∈𝒢F⁢(n), we have a partition V⁢(G)=V1∪⋯∪Vk with the following properties:


	(1) 

For all i,j∈[k], ||Vi|−|Vj||≤1.




	(2) 

For all i∈[k], the induced subgraph G⁢[Vi]∈𝒢F⁢(|Vi|).




	(3) 

For all v∈Vi,w∈Vj with i≠j, we have v⁢w∈E⁢(G) if and only if i⁢j∈E⁢(F).






In many interesting cases, the iterated balanced blow-up achieves the inducibility of F, in which case we call F a fractalizer.




The famous Pippenger–Golumbic conjecture [34] is as follows.




Conjecture 1.1 (Pippenger–Golumbic [34]).


For k≥5, the cycle Ck is a fractalizer and satisfies




	
	ind⁡(Ck)=k!kk−k.
	








Conjecture 1.1 has been resolved for k=5 by Balogh, Hu, Lidický, and Pfender [2] (see also [22]), but remains open for all k≥6. Král, Norin, and Volec [20] showed that Nind⁢(Ck,n)≤2⁢nk/kk. More generally, Fox, Huang, and Lee [13] and Yuster [38] independently proved that random graphs are fractalizers asymptotically almost surely. Fox, Sauermann, and Wei [14] further proved that random Cayley graphs of abelian groups with small number of vertices removed are almost surely fractalizers. In contrast, a recent result of Liu, Ma, and Zhu [24], combined with prior work in [34, 6, 5, 26, 39], shows that Turán graphs are not fractalizers. Their inducibility is achieved by larger Turán graphs, not the iterated balanced blow-up.





1.1.2. The inducibility of rainbow graphs



We now consider these notions on colored and directed structures. A tournament is an orientation of a complete graph. An edge-coloring of a graph or tournament G is a function χ:E⁢(G)→T where T is a set of colors; we say that G is T-colored. A colored graph or tournament G is rainbow if χ is injective. Two colored graphs (or tournaments) G and H are isomorphic, written G≅H, if there exists a bijection φ:V⁢(G)→V⁢(H) such that the colors (and orientations) of all edges are preserved under φ. If F is a colored tournament or colored complete graph, then ind⁡(F) is defined identically as in the graph case, but with these altered definitions of graph isomorphism; naturally, the underlying graph G should have the colors or orientations corresponding to F. If F is an arbitrary colored graph, then we can color all missing edges with a single new color and view F as a colored complete graph. Consequently, we can define fractalizer for all these structures.




There are very few results on the inducibility of colored, oriented, or directed structures. The first exact result which involved an iterated construction was due to Huang [17] who determined the inducibility of the directed star. Later, in order to solve an old conjecture of Erdős and Hajnal [11] in hypergraph Ramsey theory, Mubayi and Razborov [30] proved the following result for k≥4 (the case k=3 was proven earlier by Conlon, Fox, and Sudakov [10]).




Theorem 1.2 (Mubayi, Razborov [30]).


All rainbow tournaments R on k≥4 vertices are fractalizers.






In this thesis, we consider the question addressed by Theorem 1.2 in the undirected setting. The first conjecture in this setting is due to Erdős and Sós from the 1970s (see [11, Equation (20)]), and implies, in particular, that a rainbow triangle is not a fractalizer. Their conjecture was proved by Balogh et. al. [3], who showed that a blow-up of a properly 3-edge-colored K4 (instead of a rainbow K3) achieves the inducibility of the rainbow triangle. See also [9] for similar computations, but in terms of the number of edges of each color instead of the number of vertices.




Huang [18] asked whether Theorem 1.2 can be extended to the undirected setting for cliques of size larger than three. This, in particular, would imply that the phenomenon conjectured by Erdős and Sós and proved in [3] (that Kk is not a fractalizer for k=3) fails to hold for larger k. Our first result for rainbow graphs addresses Huang’s question and proves that rainbow Kk are fractalizers for k≥11.




Theorem (2.2).


All rainbow cliques R on k≥11 vertices are fractalizers.






Our proof of Theorem 2.2 follows the broad framework of the proof of Theorem 1.2 but there are several nontrivial technical difficulties that need to be addressed in the undirected setting. The difficulties arise due to the following reason: the role that each endpoint of an edge plays in a rainbow copy of a tournament is determined by the color and orientation of the edge, but this is no longer true in the undirected setting.
We overcome these obstacles by adding some new ideas, at the expense of requiring a slightly higher value of k. For example, our proof of Theorem 2.2 requires a bound on the color degree of a vertex that was not needed in [30].




For large values of k, we prove the following more general result which shows that the analog of Theorem 2.2 holds for much sparser graphs. The proof requires several major new ideas.




Theorem (2.3).


There exists an absolute constant C>0 such that all connected rainbow graphs R with k vertices and minimum degree at least C⁢log⁡k are fractalizers.






Note that the connectedness assumption is necessary for Theorem 2.3 to be true. In Chapter 2, we prove Theorems 2.2 and 2.3, and discuss the problem when a specific coloring is not specified.





1.1.3. The inducibility of oriented cycles



We now approach Conjecture 1.1 from a different direction by considering oriented cycles (with no colors). While our results are weaker here, this setting is also much closer to that of Conjecture 1.1 itself.




For an oriented graph G, we adopt the convention that, when an edge is written u⁢v, the edge is oriented from u to v in G. We define an oriented cycle on k vertices, denoted Ck→, as the oriented graph with vertex set {v1,v2,v3,v4,…,vk} and edge set {v1⁢v2,v2⁢v3,…,vk⁢v1}. Král, Norin, and Volec [20] proved that Nind⁢(Ck,n)≤2⁢nk/kk. We augment their methods to apply to Ck→ and obtain the following result.




Theorem (3.1).


Let k≥4 be fixed. Let G be an oriented graph with n vertices and m edges. Then,




	
	Nind⁢(Ck→,G)≤m⁢nk−2kk−1.
	








This implies that the bound in Conjecture 1.1 holds for oriented cycles whenever m<(1+o⁢(1))⁢(2/k)⋅(n2). In Chapter 3, we prove Theorem 3.1 and elaborate on its implications.






1.2. Subgraph Density



For the rest of our results, we consider subgraph density problems where we fix the number of edges in our larger graph G. We also consider subgraphs F of G that are not necessarily induced.




The density or edge density of a graph G with n vertices and m edges is
ϱ⁢(G):=m/(n2). For a graph F with k≤n vertices, let N⁢(F,G) be the number of subgraphs of G that are isomorphic to F. We are interested in the minimum and maximum values of N⁢(F,G) over graphs G with a given value of ϱ⁢(G) as n grows. We note that N⁢(F,G)≤(n)k/|Aut⁡(F)|, where Aut⁡(F) is the automorphism group of F and (n)k is the falling factorial n⁢(n−1)⁢⋯⁢(n−k+1).
Define the (labeled) density of F in G to be




	
	ϱ⁢(F,G):=N⁢(F,G)⋅|Aut⁡(F)|(n)k∈[0,1].
	



We note that the notation tinj⁢(F,G) is often used for ϱ⁢(F,G), though it is more convenient to use ϱ⁢(F,G) in this thesis. For some settings, we add subscripts to these notations to make it clear what setting we are in.




The classical Kruskal–Katona theorem [19, 21] implies that the maximum density of Ks in a graph of density x is achieved asymptotically by graphs consisting of a clique and isolated vertices. The minimum density of Ks in a graph with density x was determined by Razborov [35] for s=3, by Nikiforov [31] for s=4, and by Reiher [36] for all s≥4; this is achieved by complete multipartite graphs. The exact solution for s=3 was proven by H. Liu, Pikhurko, and Staden [23]. We contribute to this area of research by posing these problems in similar settings.




1.2.1. Edge-colored complete graphs



Our first problem is a colored generalization of the concepts introduced by Liu, Mubayi, and Reiher in [26]. In [26], the authors consider the region of possible asymptotic values of ϱind⁢(F,G) for graphs G of fixed density. By coloring edges in both F and G red, and coloring edges in their complements blue, it is obvious that counting induced subgraphs is the same as counting copies of a two-edge-colored clique in a (larger) two-edge-colored clique using the same two colors. This leads us to consider the maximum asymptotic density of q-edge-colored cliques in (larger) q-edge-colored cliques with given color densities.




For 2≤s≤t, let Ks,t′ be the 3-colored clique on vertex set V=V1⊔V2 with |V1|=s and |V2|=t with coloring function f defined by




	
	f⁢(i⁢j):={blueif ⁢i,j∈V1,greenif ⁢i,j∈V2,redotherwise,
	



for all distinct i,j∈[s+t] (see Figure 1.1).



[image: ”A seven vertex clique composed of a blue clique on three vertices and a green clique on four vertices with red edges between the two cliques.”]
Figure 1.1. K3,4′. 


For any given blue and green densities, we find the maximum number of copies of Ks,s′ asymptotically and provide a construction that achieves it. We obtain partial results for Ks,t′ when s≠t. This is the first nontrivial result in the edge-colored setting.




The feasible region of a simple graph F comprises not just the maximum subgraph density of F in a larger graph of edge density x, but all possible subgraph densities for each x (see [26]). In Chapter 4, we prove the aforementioned result on Ks,t′ and extend the theory of the feasible region to the colored setting.





1.2.2. Edge-weighted graphs



Instead of assigning colors to edges, we assign weights in [0,1]. Let G′ be an edge-weighted graph on vertex set V′ and edge set (V′2) with weight function w:(V′2)→[0,1]. Then we define




	
	Nw⁢(F,G′):=∑A⊂V′,B⊂(V′2)(A,B)≅F∏e∈Bw⁢(e)
	



the total F-weight of G′. Note that, if w maps instead to just {0,1}, then Nw⁢(F,G′) corresponds exactly to N⁢(F,G) when G is the simple graph on V′ with all edges of weight 1 in G′. For a graph G, we often use m to denote the number of edges. For a weighted graph G′, we will use m to refer to the total weight of the edges, i.e. m=∑e∈(V′2)w⁢(e).




The Kruskal–Katona theorem [19, 21] implies that the most copies of Kk in a graph G on m edges are achieved when G is also a clique. The following result shows that the Kk-weight cannot increase by more than O⁢(nk−2) when allowing edge-weights.




Theorem (5.1).


Let k≥3. Let G′ be a [0,1]-edge-weighted graph on n≥3 vertices. Set




	
	m:=⌊∑e∈E⁢(G′)w⁢(e)⌋.
	



Then there exists an n-vertex (un-weighted) graph G with m edges such that




	
	Nw⁢(Kk,G′)−N⁢(Kk,G)≤2(k−4)!⋅nk−2
	



when k≥4 and




	
	Nw⁢(K3,G′)−N⁢(K3,G)≤2⁢n.
	








In Chapter 5, we prove Theorem 5.1 and compare the Kk-weight of both edge-weighted and non-edge-weighted constructions.





1.2.3. Maximum star densities



Let Sk denote the k-edge star. Ahlswede and Katona [1] determined the maximum number of S2’s in a graph with density γ. Reiher and Wagner [37] claim to prove that the asymptotic maximum value of N⁢(Sk,G) when G has density γ is achieved by a clique and isolated vertices or its complement, called an anticlique.




Clearly N⁢(Sk,G)=∑v∈V⁢(G)(d⁢(v)k) and ϱ⁢(Sk,G)=N⁢(Sk,G)⋅k!/(n)k+1.
For γ∈[0,1], let




	
	I⁢(Sk,γ):=suplimn→∞ϱ⁢(Sk,Gn)
	



over all sequences of graphs (Gn)n=1∞ with |V⁢(Gn)|→∞, ϱ⁢(Gn)→γ and for which limn→∞ϱ⁢(Sk,Gn) exists.
For each γ∈[0,1], let η=1−1−γ. Then γ(k+1)/2 and η+(1−η)⁢ηk are the asymptotic Sk-densities in a clique with isolated vertices and the complement of a clique with isolated vertices, both with density γ. Consequently,




	
	I⁢(Sk,γ)≥max⁡{γ(k+1)/2,η+(1−η)⁢ηk}.
	



Reiher and Wagner [37] proved matching upper bounds on I⁢(Sk,γ). Their results are stated (and proved) using the language of graphons, which are limit object of graphs (see Lovász [27] for background on graphons).




In Chapter 6, we correct an error in their proof. We also consider the problem of maximizing the sum of the number of copies of Sk in a graph G and its complement G¯. We prove that this sum is also maximized by the clique or the anticlique asymptotically for k=2 and k=3. This proof makes use of a result on the induced density of triangles and their complement from [26] combining results from [15, 33].





1.2.4. Ordered graphs



We consider the subgraph density of stars in the setting of ordered graphs and prove the first nontrivial results on Sk whose vertices have a particular order. An ordered graph G=(V,E) is a graph with a total order on V. We usually let V=[n]:={1,…,n} with the natural ordering. When we refer to an edge i⁢j in E, it is implied that {i,j}∈E and i<j. Let F be an ordered graph on [s]. Let Nord⁢(F,G) be the number of {v1,…,vs}⊆[n] with v1<v2<⋯<vs such that vi⁢vj∈E⁢(G⁢[v1,…,vs]) whenever i⁢j∈E⁢(F). We consider Nord⁢(F,G) in the case that F is an appropriate ordered Sk.




Let SL⁢(k) be the ordered star on k edges where the node is the smallest vertex. Let SR⁢(k) be the ordered star where the node is the greatest vertex. The number of copies of these stars is maximized or minimized by an ordered analog of the anticlique. Recall that the anticlique also maximizes the number of stars in simple graphs of certain edge density as claimed in [37] and fully proven in Chapter 6. Let SL⁢(n,m) be the anticlique on n vertices and m edges where vertices are ordered by descending degree, and let SL⁢(n,m) be the anticlique on n vertices and m edges where the vertices are ordered by ascending degree. (See Chapter 7 for the more technical definition.) Then, we have the following main theorem.




Theorem (7.2).


Let G be an ordered graph with vertex set [n] and m edges. Then




	
	Nord⁢(SL⁢(k),SR⁢(n,m))≤Nord⁢(SL⁢(k),G)≤Nord⁢(SL⁢(k),SL⁢(n,m)).
	








Theorem 7.2 is proven in Chapter 7. We also discuss some ordered stars with a node that is neither smallest nor largest among the other vertices, as well as all ordered graphs on three vertices. Addressing one of these graphs, we make use of Razborov’s result on the minimum triangle density in graphs [35] (see also [28, 15, 29, 32, 4, 16, 12]).







Chapter 2 Inducibility of rainbow graphs



This chapter is based on joint work with Clayton Mizgerd and Dhruv Mubayi in [7], published in the Mathematical Proceedings of the Cambridge Philosophical Society.




2.1. Background and results



Let R be a graph on k vertices. We now formally define what it means for a graph R to be a fractalizer (our definition is slightly different than that in [22]). Note that, per discussion in Subsection 1.1.2 of Chapter 1, this definition applies whether or not R is edge-colored.




Definition 2.1.


A graph R is a fractalizer if




	
	ind⁡(R)=limn→∞maxG∈𝒢R⁢(n)⁡ϱind⁢(R,G).
	



In other words, the iterated balanced blow-up of R achieves the inducibility.






Let G∈𝒢R⁢(n) be an iterated balanced blow-up of R with vertex partition V⁢(G)=V1∪⋯∪Vk. The subgraph induced by every k-set comprising exactly one vertex in each Vi is isomorphic to R. Consequently, for every G∈𝒢R⁢(n),




	
	Nind⁢(R,G)≥∑i=1kNind⁢(R,G⁢[Vi])+∏i=1k|Vi|.
	



Together with a standard computation (see, e.g. [30]), this yields




	
	ind⁡(R)≥limn→∞maxG∈𝒢R⁢(n)⁡ϱind⁢(R,G)≥k!kk−k.
	
	(2.1)



In most cases we consider, the fact that R is a fractalizer will imply further that ind⁡(R)=k!/(kk−k). In particular, Theorem 1.2 implies that ind⁢(R)=k!/(kk−k) when R is a rainbow tournament on k≥4 vertices. However, Kk is a fractalizer with ind⁡(Kk)=1, so this implication does not always hold.




We now state our main results in full.




Theorem 2.2.


All rainbow cliques R on k≥11 vertices are fractalizers. In particular,




	
	ind⁢(R)=k!kk−k.
	








We make the following observations regarding Theorem 2.2.


	• 

Theorem 2.2 implies Theorem 1.2 for k≥11, since any construction of a tournament inducing ℓ rainbow copies of R yields a corresponding construction of a complete graph that induces at least ℓ rainbow (undirected) copies of R by ignoring orientations.




	• 

Similarly, if a graph G on k vertices is known to have inducibility k!/(kk−k), then the rainbow k-clique is a fractalizer as well by the following argument. Let R be a rainbow k-clique and let e1,e2,…,em∈E⁢(R) such that (V⁢(R),{e1,…,em}) is a rainbow copy of G. Let c1,…,cm be the colors assigned to e1,…,em, respectively. Then any construction of an edge-colored graph inducing ℓ rainbow copies of R induces at least ℓ copies of G by deleting all edges except those colored by c1,…,cm and then ignoring the edge colors. It follows that ind⁡(R)≤ind⁡(G)=k!/(kk−k), so R is a fractalizer. Thus, the result of [2] that C5 is a fractalizer with ind⁡(C5)=5!/(55−5) implies that the rainbow 5-clique is a fractalizer, and the result of [13] that random graphs are almost surely fractalizers implies that the rainbow k-clique is a fractalizer for large k.




	• 

We believe our proof of Theorem 2.2 has been optimized and requires k≥11. As [2] showed that rainbow 5-cliques are fractalizers, and [3] showed that rainbow 3-cliques are not fractalizers, it remains open to determine whether rainbow k0-cliques are fractalizers only for k0∈{4,6,7,8,9,10}.









We now lift the requirement that R be a clique and obtain the following result.




Theorem 2.3.


There exists an absolute constant C>0 such that all connected rainbow graphs R with k vertices and minimum degree at least C⁢log⁡k are fractalizers and satisfy




	
	ind⁢(R)=k!kk−k.
	








We make the following observations regarding Theorem 2.3.


	• 

Theorem 2.3 implies Theorem 2.2 for large k, since R may be viewed as a rainbow k-clique with edges deleted. Let c1,c2,…,cm be the colors assigned to the deleted edges. Any construction of a colored complete graph inducing ℓ rainbow copies of the rainbow k-clique yields at least ℓ rainbow copies of R by deleting edges colored c1,…,cm.




	• 

The requirement that R is connected in the statement of Theorem 2.3 is necessary, as disconnected rainbow graphs without isolated vertices are not fractalizers (see Section 2.4).




	• 

We are not able to show that our requirement on minimum degree is tight, and this remains open.









Theorem 2.2 is proven in Section 2.2 and Theorem 2.3 is proven in Section 2.3. We conclude the chapter with two shorter sections on related problems. Section 2.4 explains why R must be connected in Theorem 2.3, while Section 2.5 discusses the corresponding problem for the collection of all rainbow colorings as both Theorems 2.2 and 2.3 assume a specific rainbow coloring.





2.2. Rainbow cliques



We give the proof of Theorem 2.2 in the following subsections.




2.2.1. Setup



Fix k≥11 and T=([k]2). Let R be a T-colored rainbow k-clique with coloring function χR and for concreteness, put V⁢(R):=[k] and χR⁢(i⁢j)={i,j} for all i,j∈[k].




Set




	
	a:=k!kk−k.
	



Our goal is to prove that ind⁡(R)≤a. To this end, fix γ>0 and assume for contradiction ind⁡(R)=a+γ. Next choose 0<ε<min⁡{γ,ind⁡(R)}/100. Let c0 be chosen so that ind⁡(R,n)≤ind⁡(R)+ε for all n>c0. Choose M≥⌈2⁢k!⁢c0/ε⌉ such that




	
	nk(n)k<1+ε
	
	(2.2)



and




	
	a⁢(nk−1(k−1)!−(n−1k−1))<γ⁢(n−1k−1)−(n−2k−2)
	
	(2.3)



for all n>M. This is possible since limn→∞nk/(n)k=1 and nk−1/(k−1)!−(n−1k−1)=O⁢(nk−2), while γ⁢(n−1k−1)−(n−2k−2)=Ω⁢(nk−1) as n→∞.
Suppose that n>M is given and H is a T-colored n-vertex graph with coloring function χH achieving Nind⁢(R,n). This implies




	
	Nind⁢(R,H)=Nind⁢(R,n)=ind⁡(R,n)⁢(nk)
	



where a+γ=ind⁡(R)≤ind⁡(R,n)≤ind⁡(R)+ε=a+γ+ε.




Definition 2.4.


For q≥0 and t>0, let p⁢(q,t) be the maximum of ∏iqi where q1+⋯+qt=q and each qi≥0 an integer.






The AM–GM inequality yields p⁢(q,t)≤(q/t)t and it is straightforward to see that




	
	p⁢(q,t)⁢p⁢(q′,t′)≤p⁢(q+q′,t+t′)
	
	(2.4)



for all q,q′≥0 and t,t′>0 (see Appendix).




For a vertex x in V⁢(H) and i∈[k], write di⁢(x) for the number of copies of R containing x where x plays the role of vertex i in R.
More formally, di⁢(x) is the number of isomorphic embeddings φ:R→H such that φ⁢(i)=x.
Let d⁢(x)=∑idi⁢(x) be the number of copies of R containing x. We will refer to this as the degree of x in H. Similarly, let d⁢(x,y) be the number of copies of R containing both x and y. For i∈[k], let Ni⁢(x) be the set of y∈V⁢(H)∖{x} for which there is a copy of R in H containing both x and y in which x plays the role of vertex i in R. Note that we do not have Nj⁢(x)∩Nj′⁢(x)=∅ for j≠j′, but all edges between Nj⁢(x)∩Nj′⁢(x) and x have the same color {j,j′}. However, Ni⁢(x) has a (unique) partition ∪j≠iNij⁢(x) where Nij⁢(x) comprises those y such that x,y lie in a copy of R with x playing the role of i and y playing the role of j. Indeed, the partition is obtained based on the color of a vertex to x. This gives




	
	d⁢(x)=∑i=1kdi⁢(x)≤∑i=1k∏j≠i|Nij⁢(x)|≤∑i=1kp⁢(|Ni⁢(x)|,k−1).
	
	(2.5)



We partition V⁢(H) into V1∪⋯∪Vk, where




	
	Vi={x∈V⁢(H):|Ni⁢(x)|≥|Nj⁢(x)|⁢ for all ⁢j≠i}.
	



If there is a tie, we break it arbitrarily. Set ni=|Vi| for all i∈[k].





2.2.2. Minimum degree



Here we show that a standard technique in extremal graph theory can be used to prove that
each vertex of H lies in at least the average number of copies of R (apart from a small error term).




Lemma 2.5.


d⁢(x)≥a⁢nk−1/(k−1)! for all x∈V⁢(H).






Proof.


We write d=b±c for the inequalities b−c≤d≤b+c. Denote the average degree of H by




	
	d⁢(H):=k⋅Nind⁢(R,H)n=ind⁡(R,n)⁢(n−1k−1).
	



We claim that for every x∈V⁢(H)




	
	d⁢(x)=d⁢(H)±(n−2k−2).
	
	(2.6)






This follows from a standard application of Zykov symmetrization. Indeed, if the degrees of two vertices x and y differ by more than (n−2k−2), say d⁢(x)>d⁢(y)+(n−2k−2), then we can delete y and duplicate x, meaning we add a new vertex x′ with χH⁢(x′⁢z)=χH⁢(x⁢z) for all other vertices z, and χH⁢(x⁢x′) can be arbitrary. This transformation increases the number of copies of R by at least




	
	d⁢(x)−d⁢(y)−d⁢(x,y)≥d⁢(x)−d⁢(y)−(n−2k−2)>0,
	



contradicting the maximality Nind⁢(R,H)=Nind⁢(R,n). Hence all degrees lie in an interval of length at most (n−2k−2) and (2.6) follows, since this interval must contain d⁢(H).
In particular, the minimum degree is at least




	
	d⁢(H)−(n−2k−2)=ind⁡(R,n)⁢(n−1k−1)−(n−2k−2).
	



It follows from (2.3) that




	
	ind⁡(R,n)⁢(n−1k−1)−(n−2k−2)≥(a+γ)⁢(n−1k−1)−(n−2k−2)>a⁢nk−1(k−1)!
	



for n>M, completing the proof.
∎







2.2.3. Maximum color degree



Let




	
	α:=maxx,i,j⁡d{i,j}⁢(x)n
	



where the maximum is taken over all vertices x∈V⁢(H) and all colors {i,j}∈T and d{i,j}⁢(x) is the number of edges in H incident with x in color {i,j}. We upper bound this value.




Lemma 2.6.


α≤0.4.






Proof.


Let x,i,j achieve this maximum, so that d{i,j}⁢(x)=α⁢n.
Then |Nij⁢(x)|≤α⁢n and Ni⁢(x) has a partition Nij⁢(x)⁢⋃∪ℓ≠jNiℓ⁢(x) where every copy of R containing x with x playing the role of i has exactly one vertex in each Niℓ⁢(x) for all ℓ∈[k]∖{i}. Further,




	
	|⋃ℓ≠jNiℓ⁢(x)|≤n−d{i,j}⁢(x)
	



since a vertex incident to an edge colored {i,j} cannot play the role of ℓ≠i,j.
Consequently,




	
	di⁢(x)≤|Nij⁢(x)|⋅p⁢(n−d{i,j}⁢(x),k−2)≤α⁢n⋅((1−α)⁢nk−2)k−2.
	



The same upper bound holds for dj⁢(x). For ℓ∉{i,j}, we have Nℓ⁢(x)≤n−d{i,j}⁢(x) since x is playing the role of ℓ, so we cannot include an edge incident to x of color {i,j} since the color must include ℓ. Hence




	
	dℓ⁢(x)≤p⁢(n−d{i,j}⁢(x),k−1)≤((1−α)⁢nk−1)k−1≤((1−α)⁢nk−2)k−1.
	



Altogether this yields




	
	d⁢(x)≤2⁢α⁢n⁢((1−α)⁢nk−2)k−2+(k−2)⁢((1−α)⁢nk−2)k−1=(1+α)⁢(1−αk−2)k−2⁢nk−1.
	



Suppose for contradiction that α>0.4. Since k≥3, (1+α)⁢(1−α)k−2 is a decreasing function of α for α∈(0.4,1], and d⁢(x)≥a⁢nk−1/(k−1)! by Lemma 2.5. Therefore




	
	1kk−1−1=a(k−1)!≤d⁢(x)nk−1≤1.4⁢(0.6k−2)k−2.
	
	(2.7)



However, this fails to hold for k≥11 (see Appendix), and we conclude that α≤0.4 as desired.
∎







2.2.4. The second largest neighborhood



For a vertex x∈V⁢(H), let Z⁢(x) be the second largest set
in {N1⁢(x),…,Nk⁢(x)} and define




	
	z:=zk,n=maxx∈V⁢(H)⁡|Z⁢(x)|n.
	






Lemma 2.7.


z≤0.5.






Proof.


Let x be such that z=|Z⁢(x)|/n. Let ai=|Ni⁢(x)|/n and assume by relabeling that a1≥a2=z≥a3≥⋯≥ak. Since Nj⁢(x)∩Nj′⁢(x)∩Nj′′⁢(x)=∅ for any three distinct j,j′,j′′
we have ∑ai≤2. Let a3+⋯+ak=s≤2−(a1+z). Write s=q⁢z+r where q∈ℤ≥0 and 0≤r<z. If x≤y, then xk−1+yk−1<(x−ρ)k−1+(y+ρ)k−1 for 0<ρ<x by convexity of xk−1 so successively increasing the largest ai to z and decreasing the smallest aj to 0 or r, we obtain




	
	∑i=3kaik−1≤q⁢zk−1+rk−1≤q⁢zk−1+rz⁢zk−1=sz⁢zk−1≤2−(a1+z)z⁢zk−1.
	



Consequently,




	
	∑i=1kaik−1=a1k−1+zk−1+∑i=3kaik−1≤a1k−1+zk−1+2−(a1+z)z⁢zk−1.
	



Since a1≥z, taking the derivative shows that for any z, this expression is increasing with a1.
Using Lemma 2.6, we note that a1+z≤1+α≤1.4 since




	
	|N1⁢(x)|+|Z⁢(x)|=|N1⁢(x)∪Z⁢(x)|+|N1⁢(x)∩Z⁢(x)|≤n+d{1,2}⁢(x)
	



where d{1,2}⁢(x)≤α⁢n≤0.4⋅n. Thus a1≤1.4−z and a1≤1, so




	
	∑i=1kaik−1≤a1k−1+zk−1+2−(a1+z)zzk−1≤min{1.4−z,1}k−1+zk−1+0.6zzk−1.
	



Using (2.5) and Lemma 2.5 yields




	
	1kk−1−1≤d⁢(x)nk−1≤∑i=1k(aik−1)k−1≤min{1.4−z,1}k−1+zk−1+0.6zzk−1(k−1)k−1.
	



Multiplying by (k−1)k−1 and using the fact that




	
	(k−1)k−1kk−1−1≥(k−1)k−1kk−1=(1−1k)k−1>1e
	
	(2.8)



for k>1, we obtain




	
	1e<(min⁡{1.4−z,1})k−1+zk−1+0.6⋅zk−2.
	
	(2.9)






As z≤a1 and z+a1<1.4, we have z<0.7.
Thus, the right side of (2.9) is nonincreasing with k and we may consider only the k=11 case. Numerical calculations show that for z∈[0.5,0.7], we have (1.4−z)10+z10+0.6⁢z9<1/e, so we conclude that z<0.5.
∎







2.2.5. One large part



We now take care of the situation when one of the Vi’s is very large.




Lemma 2.8.


|Vi|≤(1−1/3⁢k)⁢n for all i∈[k].






Proof.


By contradiction, Assume without loss of generality that |V1|>(1−1/3⁢k)⁢n. If x∈V1, then |N1⁢(x)|≥|Ni⁢(x)| for all i>1 so
|N2⁢(x)|≤|Z⁢(x)|≤z⁢n. Using (2.5) we have




	
	a⁢(nk)≤Nind⁢(R,H)=∑x∈V⁢(H)d2⁢(x)≤|V1|⁢p⁢(z⁢n,k−1)+n3⁢k⁢p⁢(n,k−1)
	



and we further see that




	
	|V1|⁢p⁢(z⁢n,k−1)+n3⁢k⁢p⁢(n,k−1)<(zk−1+13⁢k)⁢nk(k−1)k−1.
	



Using our lower bound on M in
(2.2), we get




	
	((k−1)k−1kk−k)<(1+ε)⁢(zk−1+13⁢k).
	
	(2.10)



This fails to hold for k≥11 (see Appendix).
We conclude that |Vi|≤(1−1/3⁢k)⁢n for all i∈[k]. ∎







2.2.6. Counting the copies of R in H



Here we describe the broad framework we will use to count copies of R in H. This is the same as in [30], though there are subtle differences which arise since we are in the undirected setting.




Call a copy f of R in H transversal if it includes exactly one vertex in Vi for all i∈[k]. We partition the copies of R in H as Hm∪Hg∪Hb where Hm comprises those copies that lie entirely inside some Vi, Hg comprises those copies that intersect every Vi whose edge coloring coincides with the natural one given by the vertex partition (meaning the map from R to H takes vertex i to a vertex in Vi), and Hb comprises all other copies of R (including those transversal copies where some vertex is in an inappropriate Vi). Let hm=|Hm|,hg=|Hg| and hb=|Hb| so that




	
	Nind⁢(R,H)=hm+hg+hb.
	



We will bound each of these three terms separately. First, note that




	
	hm=∑jNind⁢(R,H⁢[Vj])≤∑jNind⁢(R,nj).
	
	(2.11)



Next we turn to hg.
Let 𝒟 denote the number of k-sets that intersect each Vi but are not counted by hg. So a k-set counted by 𝒟 either does not form a copy of R, or forms a copy of R but its edge coloring does not coincide with the natural one given by the vertex partition V1∪…∪Vk.
Then




	
	hg=∏ini−𝒟
	
	(2.12)



and we need to bound 𝒟 from below.




Note that the color of some pair in every member of 𝒟 does not align with the implicit one given by our partition. With this in mind, let Di⁢j be the set of pairs of vertices {vi,vj} where vi∈Vi,vj∈Vj, i≠j
such that χH⁢(vi⁢vj)≠χR⁢(i⁢j)={i,j}.
Let δi⁢j=|Di⁢j|/(n2), D=∪i⁢jDi⁢j and
δ=|D|/(n2). Let us lower bound 𝒟 by counting the misaligned
pairs from D and then choosing the remaining k−2 vertices, one from each of the remaining parts Vℓ. This gives, for each i<j,




	
	𝒟≥|Di⁢j|⁢∏ℓ≠i,jnℓ=δi⁢j⁢(n2)⁢∏ℓ≠i,jnℓ=δi⁢j⁢(n2)⁢∏ℓ=1knℓni⁢nj.
	



Since ∑i⁢jδi⁢j⁢(n2)=∑i⁢j|Di⁢j|=|D|=δ⁢(n2),
we obtain by summing over i,j,




	
	𝒟⁢(∑1≤i<j≤kni⁢nj)≥δ⁢(n2)⁢∏ℓ=1knℓ.
	



This with along with (2.12) gives




	
	hg≤∏ℓ=1knℓ⁢(1−δ⁢(n2)∑1≤i<j≤kni⁢nj)=∏ℓ=1knℓ⁢(1−δ⁢(n2)(n2)−∑i(ni2)).
	
	(2.13)



Our next task is to upper bound hb. For a vertex x and j∈[k], recall that Nj⁢(x)⊂V⁢(H) is the set of y such that x,y lie in a copy of R with x playing the role of vertex j in R.
Let us enumerate the set J of tuples (v,w,f) where e={v,w}∈D,f∈Hb, e⊂f, and v∈Vi, but i∉χH⁢(v⁢w). This means that v must play the role of i′ in f for some i′≠i, so the colors on all k−1 pairs (v,x) with x∈f contain
i′; in particular v is incident to k−2 pairs in f whose color does not contain i.
If v∈Vi and w∈Vj, then say that (v,w,f) is 1-sided if |χH⁢(v⁢w)∩{i,j}|=1 and (v,w,f) is 2-sided if |χH⁢(v⁢w)∩{i,j}|=0.




Let Ji be the set of i-sided tuples (i=1,2). We consider the weighted sum




	
	S=2⁢|J1|+|J2|.
	



Observe that each f∈Hb contains at least k−2 pairs from D. Indeed, if f is transversal, then it must contain a miscolored vertex which yields at least k−2 pairs from D in f. If f is not transversal, choose j∈[k] such that |f∩Vj| is largest. Set 𝒞:=f∩Vj and observe that at least |𝒞|−1 of the vertices in 𝒞 are miscolored. Also, note that 2≤|𝒞|≤k−1 since f is not contained in one color class and we have assumed f is not transversal.




If exactly |𝒞|−1 vertices in 𝒞 are miscolored, then every edge v⁢w where v∈𝒞 is miscolored and w∈f∖𝒞 is in D. Since |f∖𝒞|=k−|𝒞|, this yields at least (|𝒞|−1)⁢(k−|𝒞|)≥k−2 pairs from D in f. On the other hand, if all |𝒞| vertices in 𝒞 are miscolored, then there is a unique vertex u∈f∖𝒞 that plays the role of j in f. Every edge v⁢w where v∈𝒞 and w∈f∖(𝒞∪u) is in D, so if |𝒞|≤k−2, this yields at least |𝒞|⁢(k−|𝒞|−1)≥k−2 pairs from D in f. If |𝒞|=k−1, then f=𝒞∪u where u plays vertex j in f but is in a different color class, say the color class corresponding to color ℓ. There are k−1 edges between 𝒞 and u, but only one can contain both k and ℓ, so at least k−2 edges from D are in f.




We conclude that each f∈Hb contributes at least 2⁢(k−2) to S since f contains at least k−2 pairs e={v,w}∈D
and if (v,w,f) is 1-sided it contributes 2 to S while if it is 2-sided then it contributes 2 again since both (v,w,f)
and (w,v,f) are counted with coefficient 1. This yields




	
	S≥2⁢(k−2)⁢hb.
	
	(2.14)



On the other hand, we can bound S from above by first choosing e∈D and then f∈Hb as follows. Call v∈e={v,w}∈D correct in e if v∈Vi, and i∈χH⁢(v⁢w); if v is not correct in e then i∉χH⁢(v⁢w) and say that v is wrong in e. The definition of D implies that every e∈D has at least one wrong vertex in e (and possibly two wrong vertices). Let




	
	Di={{v,w}∈D:{v,w}⁢contains exactly i wrong vertices}(i=1,2).
	



The crucial observation is that




	
	(v,w,f)∈Ji⟹{v,w}∈Di(i=1,2).
	
	(2.15)






To bound S from above, we use (2.15) and consider first J1 and D1. We start by choosing v⁢w in D1 with wrong vertex v. Note that w is correct in v⁢w since v⁢w∈D1. Let v∈Vi,w∈Vj. Then χH⁢(v⁢w)={j,ℓ} for some ℓ≠i since v is wrong in e but w is correct in e. Thus for each triple (v,w,f)∈J1, vertex v plays the role of j in f or v plays the role of ℓ in f; thus the total number of (v,w,f)∈J1 for some f is at most p⁢(|Nj⁢(v)|−1,k−2)+p⁢(|Nℓ⁢(v)|−1,k−2). Summing over all v⁢w∈D1, we get




	
	|J1|≤∑v⁢w∈D1p⁢(|Nj⁢(v)|−1,k−2)+p⁢(|Nℓ⁢(v)|−1,k−2)≤2⁢|D1|⁢p⁢(z⁢n,k−2).
	






The bound for J2 is similar. Choose v⁢w∈D2 with v∈Vi,w∈Vj. Let χH⁢(v⁢w)={ℓ1,ℓ2} where {ℓ1,ℓ2}∩{i,j}=∅. Since v⁢w is two-sided, we see that (v,w,f)∈J2 exactly when (w,v,f)∈J2. Consequently,




	
	|J2|
	≤∑v⁢w∈D2p⁢(|Nℓ1⁢(v)|−1,k−2)+p⁢(|Nℓ2⁢(v)|−1,k−2)
	


	
	
	+p⁢(|Nℓ1⁢(w)|−1,k−2)+p⁢(|Nℓ2⁢(w)|−1,k−2)
	


	
	
	≤4⁢|D2|⁢p⁢(z⁢n,k−2).
	






This gives




	
	S=2⁢|J1|+|J2|≤4⁢|D|⁢p⁢(z⁢n,k−2)≤4⁢δ⁢(n2)⁢(zk−2)k−2⁢nk−2.
	
	(2.16)



Finally, (2.14) and (2.16) give




	
	hb≤S2⁢(k−2)≤2⁢δ⁢(n2)k−2⁢(zk−2)k−2⁢nk−2.
	
	(2.17)



Using (2.11), (2.13) and (2.17) we have that




	
	Nind⁢(R,n)≤∑iNind⁢(R,ni)+∏ℓnℓ⁢(1−δ⁢(n2)(n2)−∑i(ni2))+2⁢δ⁢(n2)k−2⁢(zk−2)k−2⁢nk−2.
	
	(2.18)



Our final task is to upper bound the right side of (2.18).




Since δ⁢(n2)≤∑i≠jni⁢nj=(n2)−∑i(ni2), we have δ∈I=[0,1−∑i(ni2)/(n2)]. Viewing (2.18) as a linear function of δ, it suffices to check the endpoints of I.





2.2.7. The extremal case



Claim 2.9.


If δ=0, then ind⁡(R)≤a.






Proof.


If δ=0, then (2.18) implies that




	
	Nind⁢(R,n)≤∑i=1kNind⁢(R,ni)+∏i=1kni.
	
	(2.19)






Let pi:=ni/n. Using maxi⁡pi≤1−1/3⁢k by Lemma 2.8, the convexity of xk, and k≥11 we obtain




	
	∑i=1kpik≤(1−13⁢k)k+(13⁢k)k≤e−1/3+33−11<0.72.
	
	(2.20)






We begin by bounding the summation in (2.19). By relabeling if necessary, let n1≤⋯≤nℓ≤c0<nℓ+1≤⋯≤nk where ℓ≥0. We have that




	
	∑i=1kNind⁢(R,ni)≤ℓ⁢(c0k)+∑i=ℓ+1kNind⁢(R,ni)≤ℓ⁢(c0k)+(ind⁡(R)+ε)⁢∑i=ℓ+1k(nik).
	
	(2.21)






Observe that (nik)=(pi⁢nk)<pik⁢(nk) since pi<1. Dividing (2.21) by (nk) yields




	
	1(nk)⁢∑i=1kNind⁢(R,ni)≤ℓ⁢(c0k)(nk)+(ind⁡(R)+ε)⁢∑i=ℓ+1kpik.
	
	(2.22)






Suppose ℓ≥1. Using our bounds on ε and M along with (2.20), we can further bound




	
	1(nk)⁢∑i=1kNind⁢(R,ni)≤ℓ⁢(c0k)(nk)+(ind⁡(R)+ε)⁢∑i=ℓ+1kpik<0.74⁢ind⁡(R)
	
	(2.23)



and bound the product term




	
	1(nk)⁢∏i=1kni≤1(nk)⁢c0⁢nk−1<2⁢k!⁢c0n<ε.
	



This yields ind⁡(R,n)≤0.74⁢ind⁡(R)+ε<ind⁡(R), a contradiction. Thus ℓ=0, so using (2.22) we may rewrite (2.19) as




	
	ind⁡(R,n)≤(ind⁡(R)+ε)⁢∑i=1kpik+1(nk)⁢∏i=1kni.
	
	(2.24)






Isolating the product term and recalling the definition of a, as well as our lower bound on M,




	
	1(nk)⁢∏i=1kni=nk(nk)⁢∏i=1kpi≤(a+ε)⁢(kk−k)⁢∏i=1kpi.
	






Plugging this into (2.24) and recalling ind⁡(R)=a+γ,




	
	ind⁡(R,n)≤(a+ε)⁢(∑i=1kpik+(kk−k)⁢∏i=1kpi)+γ⁢∑i=1kpik≤(a+ε)+0.72⁢γ.
	






The first bound ∑pik+(kk−k)⁢∏pi≤1 is well-known (see, e.g. [30, Equation (17)]) and the second bound comes from (2.20). This gives the contradiction




	
	a+γ=ind⁡(R)≤ind⁡(R,n)≤a+0.72⁢γ+ε
	



since ε<γ/100.
∎







2.2.8. The absurd case



Now, we consider the other endpoint of I.




Claim 2.10.


If δ=1−∑i(ni2)/(n2), then ind⁡(R)≤a.






Proof.


If δ=1−∑i(ni2)/(n2), then (2.18) implies that




	
	Nind⁢(R,n)≤∑i=1kNind⁢(R,ni)+2⁢∑i≠jni⁢njk−2⁢(zk−2)k−2⁢nk−2.
	
	(2.25)






We first bound the second term. Dividing by (nk) and again letting pi:=ni/n, we reorganize




	
	2(nk)⋅∑ni⁢njk−2⁢(zk−2)k−2⁢nk−2=2⋅kk−k(k−2)k−1⋅nk(n)k⋅(∑i≠jpi⁢pj)⁢zk−2⁢a.
	






Observe that (kk−1−1)/(k−2)k−1 decreases to e2. In particular, for k≥11, we have (kk−k)/(k−2)k−1≤7.5⁢k. For n>M, we have nk/(n)k<1+ε. Finally, ∑i≠jpi⁢pj=(1−∑pi2)/2≤(1−1/k)/2 as ∑pi2 is minimized when pi=1/k for all i. Thus




	
	2(nk)⋅∑ni⁢njk−2⁢(zk−2)k−2⁢nk−2≤7.5⁢(1+ε)⁢(k−1)⁢zk−2⁢a<0.25⁢a
	



for k≥11 as (k−1)⁢zk−2 is decreasing in k and (11−1)⁢z11−2<10⋅2−9<1/50. Using this and (2.23) in (2.25), and a<ind⁡(R) gives




	
	ind⁡(R,n)≤0.74⁢ind⁡(R)+0.25⁢a<0.99⁢ind⁡(R).
	



This contradiction completes the proof of the claim and the theorem.
∎








2.3. Connected rainbow graphs



We give the proof of Theorem 2.3 in the following subsections.




2.3.1. Setup



Fix k and R=([k],E) a rainbow colored graph with minimum degree at least η⁢(k−1) where η>C⁢log⁡k/(k−1). We may assume that k is sufficiently large by making C sufficiently large so that the theorem is vacuous for small k. In particular, we will assume k≥11 so that we may use the same bounds as the previous section. It is notationally convenient to set T=E∪{∅} and
view R as a T-colored complete graph ([k],([k]2)) with coloring function χR defined as follows:




	
	χR⁢(i⁢j)={{i,j}i⁢j∈E∅i⁢j∉E.
	






Our goal is to prove that ind⁡(R)≤a. To this end, fix γ>0 and assume for contradiction ind⁡(R)=a+γ. Next choose ε,c0,M as in Section 2.2.1.




Suppose that n>M is given and H is a T-colored n-vertex graph with coloring function χH achieving Nind⁢(R,n). This implies




	
	Nind⁢(R,H)=Nind⁢(R,n)=ind⁡(R,n)⁢(nk)
	



where a+γ=ind⁡(R)≤ind⁡(R,n)≤ind⁡(R)+ε=a+γ+ε.




Let di⁢(x), d⁢(x), d⁢(x,y), d{i,j}⁢(x), Ni⁢(x), and Nij⁢(x)
be defined as in Section 2.2. Note that we do not have that all vertices in Nj⁢(x)∩Nj′⁢(x) for j≠j′ have the same color to x as it may be the case that χH⁢(x⁢y)=∅ and χH⁢(x⁢y′)={j,j′} for distinct y,y′∈Nj⁢(x)∩Nj′⁢(x).
We also do not have that ∪j≠iNij⁢(x) is a partition of Ni⁢(x) as it may be the case that y∈Nij⁢(x)∩Nij′⁢(x) for some j≠j′ satisfying χR⁢(i⁢j)=χR⁢(i⁢j′)=∅ and y∈V⁢(H) satisfying χH⁢(x⁢y)=∅. Thus we must develop new techniques to prove a version of (2.5) from Section 2.2.1 to obtain bounds on di⁢(x). This is the content of Section 2.3.2.




As in Section 2.2.1, we partition V⁢(H) into V1∪⋯∪Vk, ni=|Vi|, where




	
	Vi={x∈V⁢(H):|Ni⁢(x)|≥|Nj⁢(x)|⁢ for all ⁢j≠i}.
	



If there is a tie, we break it arbitrarily.





2.3.2. Partitioning argument



Let the distance between two vertices v and w in a graph G, denoted distG⁡(v,w), be the number of edges in the shortest path between v and w in G. In our setting, a path cannot use an edge e with χ⁢(e)=∅. Then, define




	
	ϵG⁢(v):=maxw∈V⁢(G)⁡distG⁡(v,w),
	



the eccentricity of v in G and diam⁡(G)=maxv∈V⁢(G)⁡ϵG⁢(v) the diameter of G. For convenience, let ϵ⁢(i):=ϵR⁢(i) for all i∈[k].




Let B⁢(x) be the set of neighbors of x in H. For r∈ℕ, let kr⁢(i) be the number of vertices in R at distance r from i. Recall that d{i,j}⁢(x) is the number of edges in H incident with x in color {i,j}.




Lemma 2.11.


Let i,j∈[k] with {i,j}∈T and x∈V⁢(H). Then




	
	(a)
	di⁢(x)≤(|B⁢(x)|k1⁢(i))k1⁢(i)⁢(n−|B⁢(x)|k−k1⁢(i)−1)k−k1⁢(i)−1
	


	
	(b)
	di⁢(x)≤(|Ni⁢(x)|k−1)k−1
	


	
	(c)
	di⁢(x)≤d{i,j}⁢(x)⋅(n−d{i,j}⁢(x)k−2)k−2.
	



Further, the number of copies of R in H containing vertices x,y∈V⁢(H) such that x∈V⁢(H) plays the role of vertex i∈[k] in R is at most




	
	(|Ni⁢(x)|k−2)k−2.
	








Proof.


We start by proving the three upper bounds on di⁢(x). To count the number of copies of R in H where x plays the role of i, we will recursively partition Ni⁢(x). First, we pick k1⁢(i) vertices from B⁢(x)∩Ni⁢(x)⊂V⁢(H) to play the role of the vertices adjacent to i in R. Notice that we may partition B⁢(x)∩Ni⁢(x) into k1⁢(i) parts based on the color of each vertex to x as it uniquely determines its possible role in a copy of R. Set B1:=B⁢(x)∩Ni⁢(x). We now recursively define Br for all r∈[ϵ⁢(i)]. Let 2≤r≤ϵ⁢(i), let m:=k1⁢(i)+⋯+kr−1⁢(i), and suppose that we have chosen y1,y2,…,ym∈V⁢(H) to play the roles of all vertices at distance r−1 or less from i in R, where y1,…,ykr−1⁢(i) play the roles of vertices at distance exactly r−1 from i. Then




	
	Br:=
	Br⁢(x,B1,B2,…,Br−1,y1,…,ykr−1⁢(i))
	


	
	=
	Ni⁢(x)∩(B⁢(y1)∪⋯∪B⁢(ykr−1⁢(i)))∖(x∪B1∪⋯∪Br−1).
	



Here, Br is the set of vertices in H that can play the role of vertices at distance r from i in R, given that we have already selected all vertices at distance at most r−1 from i.




Note that by definition, Br∩Bℓ=∅ for all r,ℓ∈[ϵ⁢(i)] and ⋃Br⊆Ni⁢(x). For the remainder of the proof, we write kr:=kr⁢(i) for all r∈[ϵ⁢(i)] for convenience.




Each vertex v∈Br has an edge to at least one of y1,…,ykr−1. The color of this edge uniquely determines the role that v may play in a copy of R, so this allows us to uniquely partition Br into kr parts. We note that it may be the case that v cannot legally play any role, but that only decreases the number of possible copies of R, so we may assume that this does not occur. Let Pr:=P⁢(Br,kr) be the set of tuples y→∈Brkr with one vertex from each part of Br,
so




	
	|Pr|≤p⁢(|Br|,kr).
	



This gives




	
	di⁢(x)
	≤∑y→1∈P1⋯⁢∑y→ϵ⁢(i)−1∈Pϵ⁢(i)−1p⁢(|Bϵ⁢(i)|,kϵ⁢(i))
	


	
	
	≤∑y→1∈P1⋯⁢∑y→ϵ⁢(i)−1∈Pϵ⁢(i)−1p⁢(|Ni⁢(x)|−∑r=1ϵ⁢(i)−1|Br|,kϵ⁢(i)).
	



Using (2.4) from Section 2.2.1 we see that




	
	∑y→ϵ⁢(i)−1∈Pϵ⁢(i)−1p
	(|Ni⁢(x)|−∑r=1ϵ⁢(i)−1|Br|,kϵ⁢(i))
	


	
	
	≤p⁢(|Bϵ⁢(i)−1|,kϵ⁢(i)−1)⋅p⁢(|Ni⁢(x)|−∑r=1ϵ⁢(i)−1|Br|,kϵ⁢(i))
	


	
	
	≤p⁢(|Ni⁢(x)|−∑r=1ϵ⁢(i)−2|Br|,kϵ⁢(i)−1⁢(i)+kϵ⁢(i)).
	



Using ∑r=1ϵ⁢(i)kr=k−1, we obtain




	
	di⁢(x)
	≤∑y→1∈P1⋯⁢∑y→ϵ⁢(i)−2∈Pϵ⁢(i)−2p⁢(|Ni⁢(x)|−∑r=1ϵ⁢(i)−2|Br|,kϵ⁢(i)−1+kϵ⁢(i))
	


	
	
	=∑y→1∈P1⋯⁢∑y→ϵ⁢(i)−2∈Pϵ⁢(i)−2p⁢(|Ni⁢(x)|−∑r=1ϵ⁢(i)−2|Br|,(k−1)−∑r=1ϵ⁢(i)−2kr).
	






Continuing this process, we obtain, for each 1≤ℓ≤ϵ⁢(i)−1,




	
	di⁢(x)≤∑y→1∈P1⋯⁢∑y→ℓ∈Pℓp⁢(|Ni⁢(x)|−∑r=1ℓ|Br|,(k−1)−∑r=1ℓkr).
	



When ℓ=1 this becomes




	
	di⁢(x)
	≤∑y→1∈P1p⁢(|Ni⁢(x)|−|B1|,k−1−k1)
	
	(2.26)


	
	
	≤p⁢(|B1|,k1)⋅p⁢(|Ni⁢(x)|−|B1|,k−k1−1).
	



As |B⁢(x)|≥|B1| and n−|B⁢(x)|≥|Ni⁢(x)|−|B1| for all i∈[k] by definition,




	
	p⁢(|B1|,k1)⋅p⁢(|Ni⁢(x)|−|B1|,k−k1−1)≤(|B⁢(x)|k1)k1⁢(n−|B⁢(x)|k−k1−1)k−k1−1,
	



so (a) holds. Alternatively, (2.4) also yields




	
	p⁢(|B⁢(x)|,k1)⋅p⁢(|Ni⁢(x)|−|B⁢(x)|,k−k1−1)≤p⁢(|Ni⁢(x)|,k−1)≤(|Ni⁢(x)|k−1)k−1,
	



so (b) holds.




For (c), let j∈[k] such that i⁢j∈E. We bound di⁢(x) as before, but we choose the vertex y that plays role j separately. We see that




	
	|P1|≤d{i,j}⁢(x)⋅p⁢(|B1|−d{i,j}⁢(x),k1−1).
	



This combined with (2.26) and (2.4) gives




	
	di⁢(x)
	≤∑y→1∈P1p⁢(|Ni⁢(x)|−|B1|,k−k1−1)
	


	
	
	≤d{i,j}⁢(x)⋅p⁢(|B1|−d{i,j}⁢(x),k1−1)⋅p⁢(|Ni⁢(x)|−|B1|,k−k1−1)
	


	
	
	≤d{i,j}⁢(x)⋅p⁢(n−d{i,j}⁢(x),k−2)
	


	
	
	≤d{i,j}⁢(x)⋅(n−d{i,j}⁢(x)k−2)k−2.
	






It remains to prove the last sentence of the lemma. We proceed as before except that, for ℓ∈[ϵ⁢(i)] such that y∈Bℓ, we require that y is chosen. This means that instead of choosing kℓ⁢(i) vertices from Bℓ, we only need to choose kℓ⁢(i)−1 vertices from Bℓ as we have already chosen y. Following the same procedure as before, we see that




	
	di⁢(x)
	≤∑y→1∈P1⋯⁢∑y→ℓ∈Pℓp⁢(|Bℓ|,kℓ−1)⋅p⁢(|Ni⁢(x)|−∑r=1ℓ+1|Br|,(k−1)−∑r=1ℓ+1kr)
	


	
	
	≤∑y→1∈P1⋯⁢∑y→ℓ∈Pℓp⁢(|Ni⁢(x)|−∑r=1ℓ|Br|,(k−2)−∑r=1ℓkr)
	


	
	
	⋮
	


	
	
	≤∑y→1∈P1p⁢(|Ni⁢(x)|−|B1|,k−2−k1)
	


	
	
	≤p⁢(|B1|,k1)⋅p⁢(|Ni⁢(x)|−|B1|,k−2−k1)
	


	
	
	≤p⁢(|Ni⁢(x)|,k−2)
	


	
	
	≤(|Ni⁢(x)|k−2)k−2.
	



This completes the proof.
∎







2.3.3. Minimum degree



As in Section 2.2.2, we wish to show that each vertex of H lies in approximately the average number of copies of R.




Lemma 2.12.


d⁢(x)≥a⁢nk−1/(k−1)! for all x∈V⁢(H).






This follows from an identical Zykov symmetrization argument as used in the proof of Lemma 2.5. Note that we have assumed the same inequalities for M as we did in Section 2.2.1.





2.3.4. Maximum color and non-edge degrees



The following two claims are used in the proof of Lemma 2.15 to bound the size of the second largest neighborhood.




Let




	
	α:=maxx,i,j⁡d{i,j}⁢(x)n
	



where the maximum is taken over all vertices x∈V⁢(H) and all colors {i,j}∈T. We upper bound this value.




Claim 2.13.


α<η/4.






Proof.


Let x achieve this maximum, so that d{i,j}⁢(x)=α⁢n for some {i,j}∈T. By Lemma 2.11(c) and α≤1, we get




	
	max⁡{di⁢(x),dj⁢(x)}≤α⁢n⁢((1−α)⁢nk−2)k−2≤nk−1⁢(1−αk−2)k−2.
	






For any other vertex ℓ≠i,j, we have |Nℓ⁢(x)|≤(1−α)⁢n, since ℓ is adjacent to no edges of color {i,j} in R. Thus by Lemma 2.11(b), we get




	
	dℓ⁢(x)≤(|Nℓ⁢(x)|k−1)k−1≤((1−α)⁢nk−1)k−1≤nk−1⁢(1−αk−2)k−2.
	



The last inequality comes as decreasing the denominator increases the fraction, and the base is less than 1, so decreasing the exponent increases the result. Summing over all indices in [k] and using Lemma 2.12, we get




	
	1kk−1−1=a(k−1)!≤d⁢(x)nk−1≤k⁢(1−αk−2)k−2.
	



Rearranging yields




	
	1k⋅(k−2)k−2kk−1−1≤(1−α)k−2.
	






We see that




	
	(k−2)k−2kk−1−1≥(k−2)k−2kk−1=1k⁢(1−2k)k−2>1e2⁢k,
	



so




	
	1e2⁢k2<(1−α)k−2≤exp⁡(−(k−2)⁢α).
	






Assume for contradiction that α≥η/4>C⁢log⁡k/(4⁢(k−1)). Then




	
	1e2⁢k2<k−C⁢(1−1/(k−1))/4<k−0.9⁢C/4,
	



since k≥11. For C>10, this gives a contradiction for sufficiently large k.
∎






Let




	
	β:=maxx⁡d∅⁢(x)n
	



where the maximum is taken over all vertices x∈V⁢(H) and d∅⁢(x) is the number of edges in H incident with x in color ∅ (non-edges). Note that we may assume that R has at least one non-edge, since otherwise the proof from Section 2.2 suffices. Thus we may also assume that H has at least one non-edge, so β>0. We upper bound β.




Claim 2.14.


β<1−η/2.






Proof.


Assume for contradiction that β≥1−η/2. Let x achieve this maximum so that d∅⁢(x)=β⁢n. This implies that B⁢(x)=(1−β)⁢n. For any i∈V⁢(R), Lemma 2.11(a) gives




	
	di⁢(x)
	≤(B⁢(x)k1⁢(i))k1⁢(i)⁢(n−B⁢(x)k−k1⁢(i)−1)k−k1⁢(i)−1
	


	
	
	=((1−β)⁢nk1⁢(i))k1⁢(i)⁢(β⁢nk−k1⁢(i)−1)k−k1⁢(i)−1
	


	
	
	=nk−1⁢1k1⁢(i)k1⁢(i)⁢(1−β)k1⁢(i)⁢βk−k1⁢(i)−1⁢(1k−1−k1⁢(i))k−1−k1⁢(i).
	



For this section, we take the convention 00=1 to handle the case that k1⁢(i)=k−1.




Let q=k1⁢(i)/(k−1)∈(0,1]. Then




	
	di⁢(x)≤(nk−1)k−1⁢((1−β)q⁢β1−qqq⁢(1−q)1−q)k−1.
	
	(2.27)






We will first bound the term




	
	(1−β)q⁢β1−qqq⁢(1−q)1−q.
	
	(2.28)






Regarding (2.28) as a function of β, we see that the derivative




	
	∂∂β⁢((1−β)q⁢β1−qqq⁢(1−q)1−q)=(1−β)q−1⁢β−qqq⁢(1−q)1−q⁢((1−q)−β)
	



is negative for β>1−q since the fraction is nonnegative. Recall that k1⁢(i)=degR⁡(i)≥η⁢(k−1) by assumption, so q>η. We have also assumed for contradiction that β≥1−η/2>1−η>1−q. Thus decreasing β to 1−η/2 will only increase (2.28), i.e.




	
	(1−β)q⁢β1−qqq⁢(1−q)1−q≤(η/2)q⁢(1−η/2)1−qqq⁢(1−q)1−q.
	
	(2.29)






We now have a function purely of q. Taking the derivative, we get




	
	∂∂q⁢((η/2)q⁢(1−η/2)1−qqq⁢(1−q)1−q)=12⁢(1−q)q−1⁢q−q⁢(2−η)1−q⁢ηq⁢log⁡(η⁢(1−q)q⁢(2−η))
	



where all terms are positive except the logarithm, which is negative for q>η/2. Thus (2.29) is decreasing with q for q>η/2, so we may take the further upper bound




	
	(1−β)q⁢β1−qqq⁢(1−q)1−q≤(η/2)η⁢(1−η/2)1−ηηη⁢(1−η)1−η=2−η⁢(1+η2⁢(1−η))1−η
	



where 2−η⁢(1+η2⁢(1−η))1−η≤exp⁡(−(log⁡2−1/2)⁢η).




We now have an appropriate upper bound. Substituting into (2.27) and recalling that η>C⁢log⁡k/k, we see that




	
	di⁢(x)≤(nk−1)k−1⁢exp⁡(−(log⁡2−1/2)⁢(k−1)⁢η)<(nk−1)k−1⁢k−C⁢(log⁡2−1/2).
	






Using Lemma 2.12, we get




	
	1kk−1−1=a(k−1)!≤d⁢(x)nk−1≤k⁢(1k−1)k−1⁢k−C⁢(log⁡2−1/2).
	






Rearranging terms and using the standard inequality (2.8) yields




	
	1e⁢k≤k−C⁢(log⁡2−1/2).
	






For C>1/(log⁡2−1/2)≈5.18, this yields a contradiction for sufficiently large k.
∎







2.3.5. The second largest neighborhood



For a vertex x∈V⁢(H), let Z⁢(x) be the second largest set
in {N1⁢(x),…,Nk⁢(x)} and define




	
	z:=zk,n=maxx∈V⁢(H)⁡|Z⁢(x)|n.
	






Lemma 2.15.


z<1−η/8.






Proof.


Let x∈V⁢(H) such that z=|Z⁢(x)|/n. Suppose x∈Vi and Z⁢(x)=Nj⁢(x) for distinct i,j∈[k]. Then we want to bound |Ni⁢(x)∩Z⁢(x)|.
Suppose y∈Ni⁢(x)∩Z⁢(x). If x⁢y∈E, then i∈χH⁢(x⁢y) and j∈χH⁢(x⁢y), so χH⁢(x⁢y)={i,j}. Thus |N1⁢(x)∩Z⁢(x)|≤d{i,j}⁢(x)+d∅⁢(x).
It follows that




	
	|Ni⁢(x)|+|Z⁢(x)|=|Ni⁢(x)∪Z⁢(x)|+|Ni⁢(x)∩Z⁢(x)|≤n+d{i,j}⁢(x)+d∅⁢(x)
	



where d{i,j}⁢(x)≤α⁢n and d∅⁢(x)≤β⁢n.
Thus, |Ni⁢(x)|+|Z⁢(x)|<(2−η/4)⁢n by Claims 2.13 and 2.14. Since |Z⁢(x)|≤|Ni⁢(x)|, this gives z<1−η/8.
∎







2.3.6. One large part



We now take care of the situation when one of the Vi’s is very large.




Lemma 2.16.


|Vi|≤(1−1/3⁢k)⁢n for all i∈[k].






Proof.


By contradiction, assume without loss of generality that |V1|>(1−1/3⁢k)⁢n. If x∈V1, then |N1⁢(x)|≥|Ni⁢(x)| for all i>1 so
|N2⁢(x)|≤|Z⁢(x)|≤z⁢n. Applying Lemma 2.11(b) to d2⁢(x) gives




	
	a⁢(nk)≤Nind⁢(R,H)=∑x∈V⁢(H)d2⁢(x)≤|V1|⁢(z⁢nk−1)k−1+n3⁢k⁢(nk−1)k−1
	



and we further see that




	
	|V1|⁢(z⁢nk−1)k−1+n3⁢k⁢(nk−1)k−1≤(zk−1+13⁢k)⁢nk(k−1)k−1.
	



Rearranging and using Mk/(M)k<1.01 as assumed in (2.2), we get




	
	(k−1)k−1kk−k≤1.01⁢(zk−1+13⁢k).
	



Using the standard inequality (2.8) and then Lemma 2.15 gives




	
	(11.01⁢e−13)⁢1k<zk−1<(1−η8)k−1≤exp⁡(−C⁢log⁡k/8)=k−C/8.
	






For any C>8 this fails to hold for sufficiently large k.
∎







2.3.7. Counting the copies of R in H



The way we count copies of R in H is very similar to the previous section and to [30]. While we do not have as much information in this case, without a focus on optimizing for small k, we allow ourselves to be less strict with the counting arguments.




Call a copy f of R in H transversal if it includes exactly one vertex in Vi for all i∈[k]. We partition the copies of R in H as Hm∪Hg∪Hb where Hm comprises those copies that lie entirely inside some Vi, Hg comprises those copies that intersect every Vi whose edge coloring coincides with the natural one given by the vertex partition (meaning the map from R to H takes vertex i to a vertex in Vi), and Hb comprises all other copies of R (including those transversal copies where some vertex is in an inappropriate Vi). Thus a transversal copy f is in Hb if and only if the unique map φ:[k]→f with φ⁢(i)∈Vi for all i is not a graph isomorphism from R→H⁢[f]. Let hm=|Hm|,hg=|Hg| and hb=|Hb| so that




	
	Nind⁢(R,H)=hm+hg+hb.
	






We will bound each of these three terms separately. As in Section 2.2.6, let D be the set of all pairs {v,w} such that v∈Vi,w∈Vj, and χH⁢(v⁢w)≠χR⁢(i⁢j) where i≠j. Let δ:=|D|/(n2). The identical reasoning as in Section 2.2.6 gives the first two bounds




	
	hm=∑j=1kNind⁢(R,H⁢[Vj])≤∑j=1kNind⁢(R,nj)
	
	(2.30)



and




	
	hg≤∏ℓ=1knℓ⁢(1−δ⁢(n2)∑1≤i<j≤kni⁢nj)=∏ℓ=1knℓ⁢(1−δ⁢(n2)(n2)−∑i(ni2)).
	
	(2.31)






Our next task is to upper bound hb. This argument must be carried out differently. For a vertex x∈V⁢(H) and j∈[k], recall that Nj⁢(x)⊂V⁢(H) is the set of y such that x,y lie in a copy of R with x playing the role of vertex j in R.
Let us enumerate the set J of ordered pairs (e,f) where e∈D,f∈Hb, and e⊂f. To simplify the argument and notation, we count pairs instead of triples as in Section 2.2.




We must show that each f∈Hb contains an edge in D. If f is transversal, then as we have noted, the natural map is not a graph isomorphism. Thus there is some incorrectly colored edge which is in D. If f is not transversal, there is some i∈[k] such that |f∩Vi|≥2. Note that f∉Hm, so |f∩Vi|<k. As R is connected, there exist v∈Vi,u∈Vj for some j≠i such that v⁢u is an edge in f. Since |f∩Vi|≥2, choose also w∈f∩Vi with w≠v.
If χR⁢(i⁢j)=∅ then v⁢u∈D. If χR⁢(i⁢j)={i,j}, then as χH⁢(v⁢u)=χH⁢(w⁢u)={i,j} would contradict that f is a copy of R in H, we must have that u⁢v or u⁢w in D.
This gives us that




	
	hb≤|J|.
	






To bound |J| from above, we start by choosing some bad edge v⁢w∈D. Let f⊂V⁢(H) such that (v⁢w,f)∈J. Either v∈Vi does not play the role of i or w∈Vj does not play the role of j in f. Then f⊂Nℓ⁢(v)∪{v} for some ℓ≠i or f⊂Nℓ⁢(w)∪{w} for some ℓ≠j. We have |Nℓ⁢(v)|,|Nℓ⁢(w)|≤z⁢n by the definition of z and the partition V1∪⋯∪Vk=V⁢(H). By the final statement of Lemma 2.11,




	
	|J|≤∑v⁢w∈D(∑ℓ≠i(|Nℓ⁢(v)|k−2)k−2+∑ℓ≠j(|Nℓ⁢(w)|k−2)k−2)≤2⁢|D|⁢(k−1)⁢(z⁢nk−2)k−2.
	






Thus, recalling that δ:=|D|/(n2), we obtain




	
	hb≤2⁢δ⁢(k−1)⁢(n2)⁢(z⁢nk−2)k−2.
	
	(2.32)






Using (2.30), (2.31), and (2.32) we obtain




	
	Nind⁢(R,n)≤∑iNind⁢(R,ni)+∏ℓnℓ⁢(1−δ⁢(n2)(n2)−∑i(ni2))+2⁢δ⁢(k−1)⁢(n2)⁢(z⁢nk−2)k−2.
	
	(2.33)



Our final task is to upper bound the right side of (2.33).




As in Section 2.3.7, we see that δ∈I=[0,1−∑i(ni2)/(n2)]. Viewing (2.33) as a linear function of δ, it again suffices to check the endpoints of I.





2.3.8. The extremal case



Claim 2.17.


If δ=0, then ind⁡(R)≤a.






Proof.


If δ=0, then (2.33) implies that




	
	Nind⁢(R,n)≤∑i=1kNind⁢(R,ni)+∏i=1kni.
	






This is the same equation as (2.19), and we have all the same assumptions. The same argument as in Section 2.2.7 derives a contradiction.
∎







2.3.9. The absurd case



Now, we consider the other endpoint of I.




Claim 2.18.


If δ=1−∑i(ni2)/(n2), then ind⁡(R)≤a.






Proof.


If δ=1−∑i(ni2)/(n2), then (2.33) implies that




	
	Nind⁢(R,n)≤∑i=1kNind⁢(R,ni)+2⁢(k−1)⁢∑i≠jni⁢nj⁢(zk−2)k−2⁢nk−2.
	
	(2.34)



This is similar to (2.25) with an extra factor of approximately k2 in the second term. We can bound the first sum using the same techniques as in Section 2.2.7, giving (2.23):




	
	1(nk)⁢∑i=1kNind⁢(R,ni)≤ℓ⁢(c0k)(nk)+(ind⁡(R)+ε)⁢∑i=ℓ+1kpik<0.74⁢ind⁡(R).
	
	(2.35)






We now bound the second term. Dividing by (nk), we reorganize




	
	2(nk)⁢(k−1)⁢(∑i≠jni⁢nj)⁢(zk−2)k−2⁢nk−2=2⁢(k−1)⁢(kk−k)⁢nk(k−2)k−2⁢(n)k⁢(∑i≠jpi⁢pj)⁢zk−2⁢a.
	






We first relax (k−1)⁢(kk−k)<kk+1. Observe that kk−2/(k−2)k−2≤e2. Thus this first quotient is at most e2⁢k3. For n>M, we have nk/(n)k<1+ε≤1.01. Finally, ∑i≠jpi⁢pj=(1−∑pi2)/2≤(1−1/k)/2≤1/2 as ∑pi2 is minimized when pi=1/k for all i. Thus




	
	2(nk)⁢(k−1)⁢(∑i≠jni⁢nj)⁢(zk−2)k−2⁢nk−2≤2⁢e2⁢k3⋅1.01⋅12⋅zk−2⁢a=1.01⁢e2⁢k3⁢zk−2⁢a.
	






By Lemma 2.15, we know that zk−2≤(1−η/8)k−2, and we further see that




	
	(1−η8)k−2≤exp⁡(−(k−2)⁢η8)≤exp⁡(−C8⁢(1−1k−1)⁢log⁡k)<k−0.9⁢C/8.
	



We again used k≥11 here. Thus for C>24/0.9≈26.67 and k≥11, we have 1.01⁢e2⁢k3⁢zk−2⁢a<0.25⁢a.
Recalling that a<ind⁡(R), plugging this and (2.35) into (2.34) gives




	
	ind⁡(R,n)≤0.74⁢ind⁡(R)+0.25⁢a<0.99⁢ind⁡(R).
	



This contradiction completes the proof of the claim and the theorem.
∎








2.4. Disconnected rainbow graphs



In this section, we show that rainbow graphs with multiple connected components are not fractalizers.




Let R=(V,E) be a rainbow graph with k vertices and ℓ>1 connected components. Let R=R1∪⋯∪Rℓ be the connected components of size c1,…,cℓ respectively. Assume also ci≥2 for all i (no isolated vertices). We will show that R is not a fractalizer.




We begin by upper bounding the number of copies Nind⁢(R,Gn) for Gn∈𝒢R⁢(n) an iterated balanced blow-up. Then for any i∈[ℓ], by the same argument as for computing the inducibility of the iterated balanced blow-up (see e.g. [34]),




	
	Nind⁢(Ri,Gn)=(nk)ci+k⁢(nk2)ci+k2⁢(nk3)ci+⋯=(1+o⁢(1))⁢ncikci−k.
	






Any S⊂V⁢(Gn) with Gn⁢[S]≅R has a unique partition S=S1∪⋯∪Sℓ where Gn⁢[Si]≅Ri. Thus we can upper bound




	
	Nind⁢(R,Gn)≤∏i=1ℓNind⁢(Ri,Gn)=(1+o⁢(1))⁢nk⁢∏i=1ℓ1kci−k.
	
	(2.36)






However, consider instead the family of graphs ℋ⁢(n) consisting of separate iterated balanced blow-ups of each part. Formally, H∈ℋ⁢(n) if |V⁢(H)|=n and we have a partition V⁢(H)=V1∪⋯∪Vℓ with the following properties:


	(1) 

For all i∈[ℓ], ||Vi|−cik⁢n|≤1.




	(2) 

For all i∈[ℓ], the induced subgraph G⁢[Vi]∈𝒢Ri⁢(|Vi|).




	(3) 

For all v∈Vi,w∈Vj with i≠j, we have v⁢w∉E⁢(H).









In ℋ⁢(n), there are no edges between any copy of Ri and any copy of Rj for distinct i,j. Since R is rainbow, copies of each component Ri exist only in Vi. Then for Hn∈ℋ⁢(n), we have that Nind⁢(R,Hn)=∏iNind⁢(Ri,Hn⁢[Vi]), so




	
	Nind⁢(R,Hn)=∏i=1ℓ(1+o⁢(1))⁢ci!cici−ci⁢(cik⁢nci)=(1+o⁢(1))⁢nk⁢∏i=1ℓ1kci−k⁢(kci)ci−1.
	
	(2.37)






Comparing (2.36) with (2.37), we subtract larger numbers in the denominator of (2.37), so the family of graphs ℋ⁢(n) induces asymptotically more copies than the family 𝒢R⁢(n). Thus R is not a fractalizer. Since R was generic, disconnected rainbow graphs without isolated vertices are not fractalizers.





2.5. Rainbow cliques without a fixed coloring



We now address the problem of maximizing the number of rainbow cliques on k vertices without fixing a specific rainbow coloring. In other words, for 𝒢n the set of (k2)-edge-colored Kn, let




	
	γk:=limn→∞maxG∈𝒢n⁡|{S⊂V⁢(G):|S|=k⁢ and ⁢G⁢[S]⁢ is rainbow}|(nk).
	
	(2.38)



We note that γk≥k!/(kk−k).



[image: ”An illustration of the colored graph given by the adjacency matrix in Figure \ref{fig:adj}.”]
Figure 2.1. A 15-edge-coloring of K16.


The result of [3] shows that γ3>3!/(33−3)=1/4. We show that γ6>6!/(66−6). Notice that a rainbow K6 has (62)=15 colors. Consider the 15-edge-coloring of K16 displayed in Figure 2.1 and note that each color class is a perfect matching. Letting the set of colors be {1,2,…,15}, the adjacency matrix for this graph is shown in Figure 2.2,
where the i,j-th entry is the color assigned to the edge i⁢j.







	
	[0123456789101112131415103254769811101312151423016745101189141512133210765411109815141312456701231213141589101154761032131215149811106745230114151213101189765432101514131211109889101112131415012345679811101312151410325476101189141512132301674511109815141312321076541213141589101145670123131215149811105476103214151213101189674523011514131211109876543210]
	



Figure 2.2. Adjacency matrix of the graph shown in Figure 2.1.


Of the 8008 subgraphs on 6 vertices, 448 of them are rainbow. Thus, the density of a rainbow K6 in this graph is 4488008=8143≈0.056. Considering the iterated balanced blow-up of this construction, we see that




	
	γ6
	≥limn→∞448(n16)6+16(448(n162)6+16(448(n163)6+16(⋯))))(n6)
	


	
	
	=448⋅720⋅(1166+11611+11616+⋯)
	


	
	
	=322560⋅1166⋅∑i=0∞(1165)i
	


	
	
	=134469905≈0.0192.
	



This is larger than 6!/(66−6)≈0.0154.
It remains open to determine whether γk=k!/(kk−k) for k=4,5 and k>6.






Chapter 3 Induced oriented cycles for low edge density



This chapter is based on joint work with Clayton Mizgerd.




3.1. Background and results



Recall that Conjecture 1.1 states that ind⁡(Ck)=k!/(kk−k) for k≥5. In this chapter, we consider the oriented cycle Ck→ instead and prove the following.




Theorem 3.1.


Let k≥4 be fixed. Let G be an oriented graph with n vertices and m edges. Then,




	
	Nind⁢(Ck→,G)≤m⁢nk−2kk−1.
	








The bound in Conjecture 1.1 corresponds to




	
	Nind⁢(Ck→,G)≤nkkk.
	
	(3.1)



Since m=O⁢(n2), the main difference is in the kk−1 in the denominator of our bound. In fact, Theorem 3.1 proves that (3.1) holds whenever m≤n2⁢kk−1/(kk−k). Asymptotically, this is when m is about (2/k)⋅(n2), which is the same number of edges as in the iterated balanced blow-up of Ck→ on n vertices. Thus, up until the edge density at which inducibility is conjectured to be achieved, the desired bound holds for oriented cycles.





3.2. Proof of Theorem 3.1



Given k and G, we will count the number of k-tuples of vertices (v1,v2,v3,v4,…,vk) such that v1⁢v2⁢…⁢vk is an induced oriented cycle of length k in G (so G contains edges v1⁢v2, v2⁢v3, etc., up to vk⁢v1). As in [20], we call such k-tuples good. For A=(v1,…,vk), define




	
	w⁢(A)=∏i=2k1ni,
	



where


	• 

n2 is m,




	• 

n3 is the number of neighbors b of v2 such that v1⁢v2⁢b is an induced oriented path of length 3,




	• 

ni for i=4,…,k is the number of neighbors b of vi−1 such that v1⁢v2⁢…⁢vi−1⁢b is an induced oriented path of length i,




	• 

nk is the number of vertices b such that v1⁢v2⁢…⁢vk−1⁢b is an induced oriented cycle of length k.









Note that Král, Norin, and Volec [20] started by choosing a vertex, then chose additional vertices one at a time. The fact that we are first choosing an edge is the main difference in our work, which alters multiple steps and bounds throughout the proof of Theorem 3.1.




The following result shows that we can in some sense think of w⁢(A) as the probability of choosing A if we pick an edge at random, then add vertices one at a time to form a good k-tuple. We will call any connected subgraph of an oriented cycle an oriented path.




Lemma 3.2.


Let k≥4 and G an oriented graph. Summing over all good k-tuples A,




	
	∑Aw⁢(A)≤1.
	








Proof.


We consider the following random process for generating a k-tuple of vertices. We choose an edge v1⁢v2∈E⁢(G) uniformly at random. We then select a random vertex v3 uniformly among those vertices u∈V such that v1⁢v2⁢u induces an oriented path of length 2. We continue to iterate this process until v1⁢…⁢vk−1 is an oriented path of length k−2. We then choose vk uniformly among those vertices v∈V such that {v1,…,vk−1,vk} induces Ck→. If at any point there are no valid vertices and we are attempting to choose from an empty set of vertices, then we abort this process and fill in the remaining slots with any vertices.




The probability of drawing any “good” k-tuple A is exactly w⁢(A). Thus by the law of total probability, summing over all good k-tuples A,




	
	∑Aw⁢(A)≤1
	



as claimed.
∎






Now that we have a way to weight the good k-tuples, we are prepared to prove Theorem 3.1. We follow a similar outline to the proof of [20, Theorem 1].




Proof of Theorem 3.1.


Let k be fixed. Let G be an oriented graph with n vertices and m edges. We count the number of good k-tuples in G.




Fix an induced cycle v1⁢v2⁢…⁢vk and let Aj be the good k-tuple (vj,vj+1,…,vj−1) modulo k for j∈[k]. Our main goal is to find a lower bound on w⁢(A1)+⋯+w⁢(Ak). The AM-GM inequality gives us that







	
	(∏j=1kw⁢(Aj))1k≤w⁢(A1)+⋯+w⁢(Ak)k.
	
	(3.2)






Let nj,ℓ be nℓ as in the calculation of w⁢(Aj). The definition of w⁢(A) and another application of the AM-GM inequality further implies that




	
	(∏j=1k1w⁢(Aj))1k⁢(k−2)=(∏j=1km⁢nj,3⁢nj,4⁢⋯⁢nj,k)1k⁢(k−2)≤m1k−2k⁢(k−2)⋅∑j=1k∑ℓ=3knj,ℓ.
	
	(3.3)






Let b∈V⁢(G) be any vertex. If b contributes 1 to nj,ℓ for some j∈[k] and ℓ∈{3,4,…,k}, then vj+ℓ−2⁢b∈E⁢(G) and vi⁢b∉E⁢(G) for all j≤i<j+ℓ−2 modulo k. Therefore, b can contribute at most 1 to ∑ℓ=3knj,ℓ for any j∈[k]. We show that each vertex b contributes at most k−2 to the double sum in (3.3) by showing that there exist two values j1,j2∈[k] such that b contributes 0 to both ∑ℓ=3knj1,ℓ and ∑ℓ=3knj2,ℓ. We do so by cases:




Case 1: b=vj for some j∈[k]. See Figure 3.1 for an illustration. In this and following figures in this proof, each edge vi⁢vi+1 is labeled by the contribution of b to ∑ℓ=3kni,ℓ. We see that b contributes 0 to nj−1,ℓ and nj,ℓ for all ℓ∈{3,4,…,k}, so we set j1=j−1 and j2=j.



[image: ”An illustration of Case 1.”]
Figure 3.1. Aj when b=vj.


Case 2: b≠vj for all j∈[k] and b has no edges to or from vj for any j∈[k]. We see that nj,ℓ=0 for all j∈[k] and ℓ∈{3,4,…,k}, so we may take any distinct j1,j2∈[k].




Case 3: b≠vj for all j∈[k] and b⁢vj∈E⁢(G) for some j∈[k]. We see that b contributes 0 to nj−1,ℓ for all ℓ∈{3,4,…,k}. If b contributes 0 to nj,ℓ for all ℓ∈{3,4,…,k} as well, then we may set j1=j−1 and j2=j. Otherwise, b must contribute 1 to nj,k since the edge vj⁢vj+1 is picked first, and a vertex with an edge to vj will only be added if it is the last vertex, completing the induced oriented cycle. For this to occur, we must have that vj−2⁢b∈E⁢(G). See Figure 3.2 for an illustration, where the edge vj−2⁢b and its implications are depicted in green. Thus, b contributes 0 to nj−2,ℓ for all ℓ∈{3,4,…,k}, so we set j1=j−2 and j2=j−1.



[image: ”An illustration of Case 2.”]
Figure 3.2. Aj when b⁢vj∈E⁢(G).


Case 4: b≠vj for all j∈[k] and vj⁢b∈E⁢(G) for some j∈[k]. We see that b contributes 0 to nj,ℓ for all ℓ∈{3,4,…,k}. If b contributes 0 to nj+1,ℓ for all ℓ∈{3,4,…,k} as well, then it contributes 0 to both ∑ℓ=3knj,ℓ and ∑ℓ=3knj+1,ℓ. Otherwise, there must be some j0∈[k]∖{j,j+1} such that vj0⁢b∈E⁢(G). See Figure 3.3 for an illustration, where the edge vj0⁢b and its implications are depicted in green. Thus, b contributes 0 to nj0,ℓ for all ℓ∈{3,4,…,k} and we are done.



[image: ”An illustration of Case 3.”]
Figure 3.3. Aj when vj⁢b∈E⁢(G).


Thus we have that




	
	∑j=1k∑ℓ=3knj,ℓ≤n⁢(k−2).
	



This, together with (3.3), shows that




	
	(∏j=1k1w⁢(Aj))1k⁢(k−2)≤n⁢m1k−2k,
	



which further implies that




	
	kk−2m⁢nk−2≤(∏j=1kw⁢(Aj))1k.
	
	(3.4)






Equations (3.2) and (3.4) together give us that




	
	kk−1m⁢nk−2≤w⁢(A1)+⋯+w⁢(Ak).
	
	(3.5)



Summing over all good k-tuples and applying Lemma 3.2, we see that




	
	kk−1m⁢nk−2⋅Nind⁢(Ck→,G)≤1.
	



Therefore,




	
	Nind⁢(Ck→,G)≤m⁢nk−2kk−1.
	



as desired.
∎






The bound in Theorem 3.1 is not tight, but we believe that the only place where slack appears in the proof is in (3.4).




As mentioned earlier, all changes in our proof from that in [20] come from the fact that we choose an edge first, and then vertices, when finding an induced oriented cycle in G, rather than just choosing vertices. This means that our bound depends on m, but it also means that b contributes at most k−2 to the double sum in (3.3), rather than at most k−1 in [20]. The orientation of the edges also implies that b can contribute at most 1 to ∑ℓ=3knj,ℓ, while without orientation it can contribute at most 2. Thus, while our bound varies with the edge density of G, it is much closer to the conjectured bound for lower edge densities than the bound in [20].






Chapter 4 The feasible region of edge-colored complete graphs



This chapter is based on joint work with Dhruv Mubayi in [8], published in the SIAM Journal on Discrete Mathematics.




4.1. Background and results



A q-colored graph is a graph G=(V,E) together with a coloring function f:E→C, where |C|=q. Fix q∈ℤ+ and let G=(V,E) be a q-colored complete graph with coloring function f. For 1≤i≤q, let ei⁢(G)=|{e∈E:f⁢(e)=i}| and let




	
	ϱi⁢(G):=ei⁢(G)(|V|2)
	



be the density of color i. Given a q-colored complete graph F with |V⁢(F)|=s and coloring function g, a subset X⊂V with |X|=s is a copy of F in G if there is a bijection φ:V⁢(F)→X such that g⁢(u⁢v)=g⁢(φ⁢(u)⁢φ⁢(v)) for all distinct u,v∈V⁢(F). Let Nq⁢(F,G) be the number of copies of F in G and let




	
	ϱq⁢(F,G):=Nq⁢(F,G)(|V|s)
	



be the density of F in G.




Let (Gn)n=1∞ be a sequence of q-colored complete graphs with |V⁢(Gn)|→∞. The sequence (Gn)n=1∞ is F-good if xi=limn→∞ϱi⁢(Gn) exists for all i∈[q] and y=limn→∞ϱq⁢(F,Gn) exists. In this case, (Gn)n=1∞ realizes (x1,…,xq−1,y). Note that we only list x1,…,xq−1 since xq=1−(x1+⋯+xq−1). Define




	
	Iq⁢(F,(x1,…,xq−1)):=sup{y:(x1,…,xq−1,y)∈[0,1]q⁢ realized by some F-good ⁢(Gn)}.
	



In fact, this supremum is a maximum (see Proposition 4.8).




For 2≤s≤t, recall that Ks,t′ is the 3-colored clique on vertex set V=V1⊔V2 with |V1|=s and |V2|=t with coloring function f defined by




	
	f⁢(i⁢j):={blueif ⁢i,j∈V1,greenif ⁢i,j∈V2,redotherwise,
	



for all distinct i,j∈[s+t] (see Figure 1.1 from Chapter 1). Our main theorem is as follows.




Theorem 4.1.


Let 2≤s≤t and xb,xg,xr∈[0,1] such that xb+xg+xr=1. Then




	
	I3⁢(Ks,s′,(xb,xg))={xbs/2⁢xgs/2⁢(2⁢ss) if ⁢xb+xg≤1,(xr2)s⁢(2⁢ss) if ⁢xb+xg≥1.
	



Furthermore, if xb+xg≤1, then




	
	I3⁢(Ks,t′,(xb,xg))=xbs/2⁢xgt/2⁢(s+ts).
	








Theorem 4.1 determines I3⁢(Ks,s′,(xb,xg)) for all vectors (xb,xg) in the region xb,xg≥0 and xb+xg≤1. A simple optimization shows that




	
	ind⁡(Ks,s′)=I3⁢(Ks,s′,(1/4,1/4))=(14)s⁢(2⁢ss).
	



Note that I3⁢(Ks,t′,(xb,xg)) is not known when xb+xg>1 and s≠t.




We will now consider all possible subgraph densities of Ks,t′, or any other edge-colored complete graph. This work follows the structure of Liu, Mubayi, and Reiher in [26]. Let q∈ℤ+ be the number of colors, F a q-colored complete graph on s vertices, G a q-colored complete graph, and (Gn)n=1∞ a sequence of q-colored complete graphs. Then, a q-colored quantum graph Q is a formal linear combination of finitely many q-colored complete graphs, i.e.




	
	Q=∑i=1mλi⁢Fi
	



where m∈ℤ≥0, λi∈ℝ for all i, and Fi are all q-colored complete graphs. All definitions on q-colored complete graphs extend to q-colored quantum graphs by linearity. For convenience, we set x→:=(x1,…,xq−1)=limn→∞(ϱ1⁢(Gn),…,ϱq−1⁢(Gn)). The feasible region of Q is




	
	Ωq⁢(Q)={(x→,y)∈[0,1]q:realized by Q-good (Gn)n=1∞}.
	



Similarly to our definition of Iq, we define




	
	iq⁢(Q,x→):=inf{y:(x→,y)∈Ωq⁢(Q)},
	



which we also later show is in fact a minimum (see Proposition 4.8).




Set Δq−1′:={x→∈[0,1]q−1:x1+⋯+xq−1≤1} a projection of the (q−1)-dimensional standard simplex. For most graphs F, the minimum subgraph density iq⁢(F,x→) is simply zero.




Proposition 4.2.


Given a q-colored non-monochromatic complete graph F, iq⁢(F,x→)=0 for all x→∈Δq−1′.






When F is monochromatic, the minimum clique density bounds on simple graphs from [35, 31, 36] apply directly. See also Remark 4.4.




The following result shows that Ωq⁢(F) is completely determined by Iq⁢(F,x→) and iq⁢(F,x→).




Theorem 4.3.


For every q-colored quantum graph Q,




	
	Ωq⁢(Q)={(x→,y)∈[0,1]q−1×ℝ:iq⁢(Q,x→)≤y≤Iq⁢(Q,x→)}.
	



Moreover, the boundary functions iq⁢(Q,x→) and Iq⁢(Q,x→) are continuous and their partial derivatives exist almost everywhere.






For i∈[q], let ϕi be the function that assigns to every q-colored graph F a simple graph G=(V⁢(F),E) where E is the set of edges colored i in F.




Remark 4.4.


For any q-colored complete graph F, we have that Iq⁢(F,x→)≤I⁢(ϕi⁢(F),xi) for all i∈[q] where xq=1−(x1+⋯⁢xq−1). This is because, given any F-good sequence realizing a specific F-density, if we just delete all edges except those of color i in both the sequence and F, the new sequence is still ϕi⁢(F)-good and realizes the same, or higher, ϕi⁢(F)-density. Written differently,




	
	Iq⁢(F,x→)≤mini∈[q]⁡{I⁢(ϕi⁢(F),xi)}.
	








The second case of the proof of Theorem 4.1 is an example showing that this inequality can be tight.




By Proposition 4.2, we know that i3⁢(Ks,t′,(xb,xg))=0 for all xb,xg,xr∈[0,1] such that xb+xg+xr=1 since Ks,t′ is not monochromatic. Both i3⁢(Ks,t′,x→) and I3⁢(Ks,t′,x→) are clearly continuous and almost everywhere differentiable since I3⁢(Ks,t′,x→) is only not differentiable on the line xb+xb=1, which has measure 0. A visualization of the feasible region of K2,2′ is shown in Figure 4.1. The horizontal axes are xb and xg, while the vertical axis is y. The feasible region itself looks somewhat like a sand dune.



[image: ”A 3D graph of the feasible region of $K_{2,2}^{\prime}$.”]
Figure 4.1. Ω3⁢(K2,2′) (graphed at geogebra.org).


In Section 4.2, we prove Theorem 4.1. In Section 4.3, we prove Proposition 4.2 and Theorem 4.3 along with other supporting results.





4.2. Proof of Theorem 4.1



We start with some necessary definitions for simple graphs. Let (Gn):=(Gn)n=1∞ be a sequence of graphs with limn→∞|V⁢(Gn)|=∞. The sequence (Gn) is F-good if both x=limn→∞ϱ⁢(Gn) and y=limn→∞ϱind⁢(F,Gn) exist. In this case, we say that (Gn) realizes (x,y). Define




	
	Iind⁢(F,x):=
	max⁡{y:(x,y)∈[0,1]2⁢ is realized by some F-good ⁢(Gn)},
	


	
	iind⁢(F,x):=
	min⁡{y:(x,y)∈[0,1]2⁢ is realized by some F-good ⁢(Gn)}
	



as in [26].
The following two results will be needed to give upper bounds.




Theorem 4.5 (Kruskal–Katona [19, 21]).


Let r≥2 be an integer. Then for every x∈[0,1] we have Iind⁢(Kr,x)≤xr/2.






Theorem 4.6 (Liu, Mubayi, Reiher [26, Theorem 1.16]).


Let s≥2 be an integer. Then for every x∈[0,1] we have Iind⁢(Ks,s,x)≤(2⁢ss)⁢xs/2s.






Proof of Theorem 4.1.


We address the two cases separately.




Case 1: xb+xg≤1.




We first prove the upper bound. Suppose that (Gn)n=1∞ is a Ks,t′-good sequence that realizes ((xb,xg),I3⁢(Ks,t′,(xb,xg))) and let fn be the coloring function for Gn. Let Ks′=([s],(s2)) with coloring function fb≡blue. Similarly, let Kt′=([t],(t2)) have coloring function fg≡green. Since Ks,t′ contains exactly one copy of Ks′ and one copy of Kt′,




	
	N3⁢(Ks,t′,Gn)≤N3⁢(Ks′,Gn)⁢N3⁢(Kt′,Gn).
	
	(4.1)






By deleting edges that are not colored blue and applying Theorem 4.5, we obtain




	
	lim supn→∞N3⁢(Ks′,Gn)(|V⁢(Gn)|s)≤I3⁢(Ks′,(xb,xg))≤Iind⁢(Ks,xb)≤xbs/2.
	



Similarly, by deleting edges not colored green, we obtain




	
	lim supn→∞N3⁢(Kt′,Gn)(|V⁢(Gn)|t)≤I3⁢(Kt′,(xb,xg))≤Iind⁢(Kt,xg)≤xgt/2.
	



Together with (4.1), we get




	
	I3⁢(Ks,t′,(xb,xg))≤limn→∞xbs/2⁢(|V⁢(Gn)|s)⋅xgt/2⁢(|V⁢(Gn)|t)(|V⁢(Gn)|s+t)=xbs/2⁢xgt/2⁢(s+ts).
	



We now prove the lower bound. As ⌊n⁢xb⌋+⌊n⁢xg⌋≤n⁢xb+n⁢xg≤n, there exist disjoint subsets An and Bn of [n] with |An|=⌊n⁢xb⌋ and |Bn|=⌊n⁢xg⌋ for all n. For each n≥1, let Gn=([n],([n]2)) have coloring function fn defined by




	
	fn⁢(i⁢j)={blue if ⁢i,j∈An,green if ⁢i,j∈Bn,red otherwise.
	



See Figure 4.2 for an illustration.



[image: ”An illustration of a graph with a blue clique labeled $A_{n}$ and a green clique labeled $B_{n}$ with an additional smaller red clique and all edges between the three cliques being red.”]
Figure 4.2. Construction maximizing Ks,t′-density when xb+xg≤1.


Clearly, limn→∞ϱblue⁢(Gn)=xb and limn→∞ϱgreen⁢(Gn)=xg. If A is a copy of Ks′ in Gn and B is a copy of Kt′ in Gn, then A∪B is a copy of Ks,t′ in Gn, as fn⁢(i⁢j)=red for all i∈An, j∈Bn. Thus, (Gn)n=1∞ realizes (xb,xg,y), where




	
	y=limn→∞ϱ3⁢(Ks,t′,Gn)=limn→∞(⌊n⁢xb⌋s)⁢(⌊n⁢xg⌋t)(ns+t)=limn→∞(s+t)!⁢ns⁢xbs/2⁢nt⁢xgt/2ns+t⁢s!⁢t!=xbs/2⁢xgt/2⁢(s+ts).
	



Consequently,
I3⁢(Ks,t′,(xb,xg))≥xbs/2⁢xgt/2⁢(s+ts).




Case 2: xb+xg≥1.




We first prove the upper bound. Set xr:=1−xb−xg. Let (Gn)n=1∞ be a Ks,s′-good sequence that realizes ((xb,xg),I3⁢(Ks,s′,(xb,xg))).
Every copy of Ks,s′ contains a red copy of Ks,s. Consequently, Theorem 4.6 implies that




	
	I3⁢(Ks,s′,(xb,xg))=limn→∞N3⁢(Ks,s′,Gn)(|V⁢(Gn)|2⁢s)≤Iind⁢(Ks,s,xr)≤(xr2)s⁢(2⁢ss).
	



We now prove the lower bound. Note that




	
	⌊n⁢xb⌋+⌊n⁢xr2⁢xb⌋≤2⁢xb+xr2⁢xb⁢n=1+xb−xg2⁢xb⁢n≤2⁢xb2⁢xb⁢n=n
	



since xb+xg≥1 implies xg≥1−2⁢xb+xb. For each n, let An⊔Bn⊆[n], where |An|=⌊n⁢xb⌋ and |Bn|=⌊n⁢xr/(2⁢xb)⌋ and let Gn=([n],([n]2)) have coloring function fn defined by




	
	fn⁢(i⁢j)={blue if ⁢i,j∈An,red if ⁢i∈An,j∈Bn⁢ or ⁢j∈An,i∈Bn,green otherwise.
	



See Figure 4.3 for an illustration.



[image: ”An illustration of a graph with a blue clique labeled $A_{n}$ and a green clique labeled $B_{n}$ with red edges between them and an additional smaller green clique and all edges leaving the smaller clique being green.”]
Figure 4.3. Construction maximizing Ks,s′-density when xb+xg>1.


Now limn→∞ϱblue⁢(Gn)=xb, and




	
	limn→∞ϱred⁢(Gn)=limn→∞⌊n⁢xb⌋⋅⌊n⁢xr/2⁢xb⌋(n2)=2⁢xr⁢xb2⁢xb=xr.
	



We conclude that limn→∞ϱgreen⁢(Gn)=1−xb−xr=xg. Every pair of s vertices in An and s vertices in Bn induces a copy of Ks,s′, so (Gn)n=1∞ realizes (xb,xg,y), where




	
	y=limn→∞(⌊n⁢xb⌋s)⋅(⌊n⁢xr/2⁢xb⌋s)(n2⁢s)=limn→∞ns⁢xbs/2⁢ns⁢xrs⁢xb−s/2n2⁢s⁢2s⋅(2⁢ss)=(xr2)s⁢(2⁢ss).
	



Consequently, I3⁢(F,(xb,xg))≥(xr2)s⁢(2⁢ss).
∎







4.3. The feasible region



The results in this section follow a similar structure to those in [26], and we make use of the following proposition.




Proposition 4.7 (Liu, Mubayi, Reiher [26, Proposition 1.4]).


If F denotes a graph which is neither complete nor empty, then iind⁢(F,x)=0 for all x∈[0,1].






This allows us to prove Proposition 4.2.




Proof of Proposition 4.2.


Let x→=(x1,x2,…,xq−1)∈Δq−1′ and pick i∈[q−1] such that ϱi⁢(F)≠0. Note that ϱi⁢(F)≠1 by assumption. Then, consider the uncolored simple graph Fi obtained from F by only keeping edges with color i. As Fi is neither complete nor empty, we can apply Proposition 4.7. Then iind⁢(Fi,xi)=0, so there is a sequence of graphs (Gn)n=1∞ that realizes (xi,0). Now, we construct a new sequence (Gn′)n=1∞ where Gn′ is a complete graph on V⁢(Gn). Given e∈E⁢(Gn), we color e∈E⁢(Gn′) color i. Then, we arbitrarily color xj⁢(n2)+o⁢(1) edges color j for all j∈[q]∖{i} so that all color densities are correct asymptotically. Then, (Gn′)n=1∞ must realize (x→,0) since




	
	ϱq⁢(F,Gn′)≤ϱind⁢(Fi,Gn)
	



for all n, and limn→∞ϱind⁢(Fi,Gn)=0.
∎






Not only is the lower bound on the feasible region zero for most q-colored graphs F, but the feasible region itself is also closed for all F (and all q-colored quantum graphs Q).




Proposition 4.8.


For every q-colored quantum graph Q, the set Ωq⁢(Q) is closed.






Proof.


We follow the same proof structure of [25, Proposition 1.3].




Let (x→,y) be any limit point of Ωq⁢(Q). We will build a sequence of q-colored complete graphs (Gn)n=1∞ that will be Q-good and realize (x→,y). This will imply by definition that (x→,y)∈Ωq⁢(Q), and thus that Ωq⁢(Q) is closed.




Let d⁢(⋅,⋅) represent standard Euclidean distance. If each Gn in the sequence satisfies v⁢(Gn)≥n, d⁢((ϱ1⁢(Gn),…,ϱq−1⁢(Gn)),x→)≤1n, and |ϱq⁢(Q,Gn)−y|≤1n, then (Gn)n=1∞ will be Q-good and realize (x→,y). To construct such a sequence, for a given n, we take (x′→,y′)∈Ωq⁢(Q) such that d⁢(x→,x′→)≤12⁢n and |y−y′|≤12⁢n. This is possible since (x→,y) is a limit point. Since (x′→,y′)∈Ωq⁢(Q), there is a Q-good sequence of q-colored complete graphs realizing (x′→,y′). Therefore, there is some q-colored complete graph Gn with at least n vertices such that d⁢((ϱ1⁢(Gn),…,ϱq−1⁢(Gn)),x′→)≤12⁢n and |ϱq⁢(Q,Gn)−y′|≤12⁢n. Thus, for this choice of Gn, we find that d⁢((ϱ1⁢(Gn),…,ϱq−1⁢(Gn)),x→) is at most




	
	d⁢((ϱ1⁢(Gn),…,ϱq−1⁢(Gn)),x′→)+d⁢(x′→,x→)≤12⁢n+12⁢n=1n
	



and




	
	|ϱq⁢(Q,Gn)−y|≤|ϱq⁢(Q,Gn)−y′|+|y′−y|≤12⁢n+12⁢n=1n,
	



so (Gn)n=1∞ realizes (x→,y) as desired.
∎






Thus, “sup” and “inf” can be replaced with “max” and “min” respectively in the definitions of Iq and iq. The next result shows that all subgraph densities between the minimum and the maximum can be achieved.




Proposition 4.9.


Let Q be a q-colored quantum graph, x→∈Δq−1′, and y1<y2. If (x→,y1),(x→,y2)∈Ωq⁢(Q), then (x→,y)∈Ωq⁢(Q) for all y∈[y1,y2].






Note that, if Q has no monochromatic constituents, we can take y1=0 by Proposition 4.2.




Proof.


Fix y∈[y1,y2]. Let (Gn′)n=1∞ be a Q-good sequence of q-colored complete graphs realizing (x→,y1) and similarly for (Gn′′)n=1∞ realizing (x→,y2). By diagonalization, we may assume that (Gn′)n=1∞ and (Gn′′)n=1∞ are F-good for all q-colored complete graphs F as there are countably many such graphs for fixed q. Thus, by [27, Theorem 17.8], both sequences converge to a limit object, called a [q]-graphon.




While this proof is possible without the use of graphons, it is much more pleasant to read with them. Since we only use them in this proof in this chapter, we only mention necessary definitions and results. For more details and context, see the book by Lovász [27]. A graphon W is a symmetric, measurable function W:[0,1]2→[0,1] and is the limit object of a convergent sequence of dense graphs. A [q]-graphon ω consists of q graphons Wi for i∈[q], where Wi corresponds to edges of color i, and is the limit object of q-colored complete graphs. Let ω′ be the limit of (Gn′)n=1∞ and ω′′ the limit of (Gn′′)n=1∞. Let ω′ be represented by W1′,…,Wq′ and ω′′ by W1′′,…,Wq′′.




By the definition of convergence,




	
	∫[0,1]2Wi′⁢(x,y)⁢𝑑x⁢𝑑y=∫[0,1]2Wi′′⁢(x,y)⁢𝑑x⁢𝑑y=xi
	



for all i∈[q]. In this sense, ω′ and ω′′ have the same color densities as (Gn′)n=1∞ and (Gn′′)n=1∞. Similarly, for F a q-colored complete graph on vertex set [k] with coloring function χ, the homomorphism density of F in ω′ is




	
	t⁢(F,ω′):=∫[0,1]k∏i∈[q]∏a,b∈[k]χ⁢(a⁢b)=iWi′⁢(xa,xb)⁢dx1⁢⋯⁢dxk=y1
	



and the homomorphism density of F in ω′′ is




	
	t⁢(F,ω′′):=∫[0,1]k∏i∈[q]∏a,b∈[k]χ⁢(a⁢b)=iWi′′⁢(xa,xb)⁢dx1⁢⋯⁢dxk=y2.
	



This extends by linearity to Q.




Take any λ∈[0,1] and consider the [q]-graphon defined by λ⁢ω′+(1−λ)⁢ω′′, i.e. the [q]-graphon represented by λ⁢Wi′+(1−λ)⁢Wi′′ for all i∈[q]. The density of color i is still xi for all i∈[q]. For a graph F, it is straightforward to check that t⁢(F,λ⁢ω′+(1−λ)⁢ω′′) is a polynomial of λ with bounded degree and coefficients as F and q are fixed. This extends by linearity to any fixed Q and implies that the homomorphism density of Q is continuous in λ. By the Intermediate Value Theorem, there exists some λ∈[0,1] such that ω:=λ⁢ω′+(1−λ)⁢ω′′ satisfies t⁢(Q,ω)=y.




As with simple graphs and graphons (see [27, Proposition 11.32]), we may use ω to generate a random sequence of q-colored complete graphs that converge to ω with probability 1. Therefore, there exists a convergent sequence (Gn)n=1∞ of q-colored complete graphs with limit ω. By definition, (Gn)n=1∞ realizes (x→,y). Therefore, (x→,y)∈Ωq⁢(Q).
∎






We will need the following technical lemma. Its proof is similar to that of [26, Lemma 2.3], so we only include the parts of the proof that are different.




Lemma 4.10.


For every q-colored quantum graph Q and fixed x0→:=(x2,…,xq−1)∈Δq−2′, there exist constants ℓ≥1 and C≥0 such that for all x,x′ with 0<x≤x′≤1−(x2+⋯+xq−1) we have




	
	Iq⁢(Q,(x′,x0→))(x′)ℓ≤Iq⁢(Q,(x,x0→))xℓ+C⁢((1x)ℓ−(1x′)ℓ).
	








Proof.


Fix 0<x≤x′≤1, set α=x′/x−1, and consider a Q-good sequence (Gn′)n=1∞ that realizes ((x′,x0→),Iq⁢(Q,(x′,x0→))). Assume without loss of generality that v⁢(Gn′)=n for every n≥1. Let Gn be the q-colored complete graph which is the union of Gn′ and a set of ⌊α⁢n⌋ other vertices, where no new edges have color 1. We see that




	
	limn→∞ϱ1⁢(Gn)
	=limn→∞ϱ1⁢(Gn)⁢(n2)(n+⌊α⁢n⌋2)=x′(1+α)2=x.
	



We then color the edges between Gn′ and these new vertices, and these new vertices and themselves, colors 2,3,…,q so that limn→∞ϱi⁢(Gn)=xi for all i∈{2,…,q−1} and limn→∞ϱq⁢(Gn)=xq′+(x′−x). This is possible since, before coloring the new edges, all color densities are less than or equal to x,x2,…,xq′+(x′−x), and these densities add to one. Thus,




	
	Iq⁢(Q,(x,x0→))≥lim supn→∞ϱq⁢(Q,Gn).
	
	(4.2)



Let Q=∑i∈Pλi⁢Fi+∑j∈Nλj⁢Fj with λi>0 for i∈P and λj<0 for j∈N.
Set ℓi:=v⁢(Fi) for all i∈P∪N and




	
	ℓ:=max⁡{ℓi2:i∈P∪N}.
	



The exact reasoning as in the proof of [26, Lemma 2.3] then gives that




	
	ϱq⁢(Q,Gn)≥ϱq⁢(Q,Gn′)(x′/x)ℓ−C⁢(1−(xx′)ℓ)−o⁢(1)
	



for C:=∑j∈N(−λj)⁢(ℓj+1)≥0. This together with 4.2 gives that




	
	Iq⁢(Q,(x,x0→))≥Iq⁢(Q,(x′,x0→))(x′/x)ℓ−C⁢(1−(xx′)ℓ).
	



Dividing by xℓ gives




	
	Iq⁢(Q,(x′,x0→))(x′)ℓ≤Iq⁢(Q,(x,x0→))xℓ+C⁢((1x)ℓ−(1x′)ℓ),
	



as desired.
∎






We are almost ready to prove Theorem 4.3, but we need one more fact.




Fact 4.11.


Let Q be a q-colored quantum graph.


	(a) 

The feasible regions of Q and −Q are symmetric to each other about the x→-axes. Hence, Iq⁢(−Q,x→)=−iq⁢(Q,x→) and iq⁢(−Q,x→)=−Iq⁢(Q,x→) for all x∈Δq−1′.




	(b) 

As we can always permute the colors, given any σ∈Sq,




	
	Iq⁢(Q,x→)
	=Iq⁢(σ⁢Q,f⁢(σ⁢(x→,1−(x1+⋯+xq−1)))),
	


	
	iq⁢(Q,x→)
	=iq⁢(σ⁢Q,f⁢(σ⁢(x→,1−(x1+⋯+xq−1))))
	



for all x∈[0,1] where f⁢(a1,…,aq)=(a1,…,aq−1) and Sq acts on Q by correspondingly permuting the edge-colors of all its constituents.











We prove Theorem 4.3, our main result on the structure of the feasible region of q-colored complete graphs.




Proof of Theorem 4.3.


Proposition 4.9 directly implies that




	
	Ωq⁢(Q)={(x→,y)∈[0,1]q−1×ℝ:iq⁢(Q,x→)≤y≤Iq⁢(Q,x→)},
	



so it just remains to show that iq⁢(Q,x→) and Iq⁢(Q,x→) are continuous and their partial derivatives exist almost everywhere.




First, we just show that Iq⁢(F,x→) is continuous for any q-colored complete graph F on s vertices. Let ϵ>0 small and x→∈Δq−1′ be fixed. Then, take α>0 small enough that




	
	(1+α)s<Iq⁢(F,x→)Iq⁢(F,x→)−ϵ.
	



This is possible since limα→0(1+α)s=1 and Iq⁢(F,x→)/(Iq⁢(F,x→)−ϵ)>1. Now, we need to take δ>0 such that




	
	αi=xixi−δ−1≤α
	



for all i∈[q]. Since q is finite, limδ→0xi/(xi−δ)−1=0, and α>0, this is possible. Set α′:=maxi∈[q]⁡{αi} and take any x′→∈Δq−1′ such that d⁢(x→,x′→)<δ. Thus, |xi−xi′|<δ for all i∈[q]. Let (Gn)n=1∞ be a sequence of q-colored complete graphs that realizes (x→,Iq⁢(F,x→)). Now, we create a new sequence of q-colored complete graphs (Gn′)n=1∞ where we replace Gn with Gn′ by adding α′⁢n vertices to Gn and coloring the new edges so that Gn′ has as close to x′→ color proportions as possible. Since we added α′⁢n more vertices, the proportion of edges of color i before coloring the new edges is now




	
	(xi+on⁢(1))⁢(n2)(n+α′⁢n2)=xi(1+αi)2+on⁢(1).
	



Since α′≥αi for all i∈[q],




	
	xi(1+αi)2+on⁢(1)≤xi−δ+on⁢(1)≤xi′+on⁢(1)
	



for all i∈[q], so we can indeed color the additional edges so that Gn′ has color density xi′+on⁢(1) for each color 1≤i≤q. This tells us that (Gn′)n=1∞ realizes the color densities x′→, so




	
	Iq⁢(F,x′→)
	≥limn→∞ϱq⁢(F,Gn′)≥limn→∞Iq⁢(F,x→)⁢(ns)(n+α′⁢ns)=Iq⁢(F,x→)(1+α′)s≥Iq⁢(F,x→)(1+α)s>Iq⁢(F,x→)−ϵ
	



due to our choice of α.




We also need to show that we can take δ small enough so that Iq⁢(F,x′→)<Iq⁢(F,x→)+ϵ for all x′→∈Δq−1′ such that d⁢(x→,x′→)<δ in order to conclude that |Iq⁢(F,x→)−Iq⁢(F,x′→)|<ϵ.
By contradiction, suppose that, for all choices of δ>0, we have Iq⁢(F,x′→)≥Iq⁢(F,x→)+ϵ for some x′→ with d⁢(x→,x′→)<δ.
Taking in particular δn:=1/n, let xn→ be such a vector for δn. Thus, we see that limn→∞xn→=x→. For a given n, take Gn an element of a sequence realizing (xn→,Iq⁢(F,xn→)) such that v⁢(Gn)≥n and ϱq⁢(F,Gn)≥Iq⁢(F,x→)+ϵ−1/n.
Since {ϱq⁢(F,Gn)}n=1∞ is an infinite sequence bounded below by 0 and above by 1, the Bolzano–Weierstrass theorem implies that there is a convergent subsequence {ϱq⁢(F,Gn′)}n=1∞. We see that (Gn′)n=1∞ realizes (x→,y)∈Ωq⁢(F) where




	
	y=limn→∞ϱq⁢(F,Gn)≥limn→∞Iq⁢(F,x→)+ϵ−1n=Iq⁢(F,x→)+ϵ.
	



However, this contradicts the definition of Iq⁢(F,x→), so we have reached a contradiction and Iq⁢(F,x→) is continuous.




Let Q=∑i=1mλi⁢Fi be some q-colored quantum graph. For each Fi, let δi>0 be such that |Iq(Fi,x→),Iq(Fi,x′→)|<ϵ/(mλi) for all x′→∈Δq−1′ such that d⁢(x→,x′→)<δi. Then, take δ:=mini∈[q]⁡{δi}, so that




	
	|Iq(Q,x→),Iq(Q,x′→)|
	≤∑i=1mλi|Iq(Fi,x→),Iq(Fi,x′→)|<∑i=1mϵm=ϵ.
	



Therefore, Iq⁢(Q,x→) is continuous.




Further, we know by Fact 4.11(a) that iq⁢(Q,x→)=−Iq⁢(−Q,x), so iq⁢(Q,x→) is also continuous.




It remains to prove that the partial derivatives of iq⁢(Q,x→) and Iq⁢(Q,x→) exist almost everywhere. By Fact 4.11(a) and (b), it suffices to just show that the partial derivatives of Iq⁢(Q,x→) with respect to x1 exist almost everywhere. Let ℓ≥1, C≥0 be the constants from Lemma 4.10. Then, the function g:(0,1]→ℝ defined by g⁢(x)=Iq⁢(Q,(x,x0→))+C/xℓ is decreasing. Therefore, g is almost everywhere differentiable, and thus Iq⁢(Q,(x,x0→)) is as well for any fixed x0→∈Δq−2′.
∎








Chapter 5 Subgraph density of edge-weighted graphs



This chapter is based on joint work with Dhruv Mubayi.




5.1. Background and results



The Kruskal–Katona theorem [19, 21] implies that, given a fixed number of vertices n and number of edges m=(a2)+b in a simple graph G for b∈[0,a),




	
	N⁢(Kk,G)≤(ak)+(bk−1).
	



This is achieved by the construction on the left in Figure 5.1.



[image: ”On the left is a simple graph consisting of a clique on $a$ vertices with $b$ additional edges out of the clique to another vertex. On the right is an edge-weighted graph consisting of a clique on $a$ vertices and edges of weight $1$ with $a$ additional edges of weight $b/a$ out of the clique to another vertex.”]
Figure 5.1. Weighted and un-weighted constructions.


In the edge-weighted setting, the construction on the right in Figure 5.1 has higher Kk-weight whenever b≠0. Nonetheless, we prove that the total Kk-weight of an edge-weighted graph G′ on n vertices cannot be much higher than the maximum number of copies of Kk in a simple graph G.




Theorem 5.1.


Let k≥3. Let G′ be a [0,1]-edge-weighted graph on n≥3 vertices. Set




	
	m:=⌊∑e∈E⁢(G′)w⁢(e)⌋
	



Then there exists an n-vertex (un-weighted) graph G with m edges such that




	
	Nw⁢(Kk,G′)−N⁢(Kk,G)≤2(k−4)!⋅nk−2
	



when k≥4 and




	
	Nw⁢(K3,G′)−N⁢(K3,G)≤2⁢n.
	








Theorem 5.1 says that we lose at most a constant factor of nk−2 cliques of order k by restricting to the un-weighted regime. Note that the number of copies of Kk in a graph typically has order nk, so this difference is asymptotically negligible .




Further, the bound in Theorem 5.1 is tight. Let a=Θ⁢(n) and b=a/2. The difference between the Kk-weight of the right edge-weighted graph construction of Figure 5.1 and the number of copies of Kk in the left graph construction of Figure 5.1 is




	
	(ak−1)⁢(ba)k−1−(bk−1).
	






This simplifies to




	
	1(k−1)!⁢((a)k−1ak−1⋅bk−1−(b)k−1)=1(k−1)!⁢((a)k−12k−1−(a2)k−1).
	



Multiplying out, we see that this can be written as 1/(2k−1⁢(k−1)!) times




	
	(ak−1−(k−1)⁢(k−2)2⁢ak−2+O⁢(nk−3))−(ak−1−(k−1)⁢(2⁢k−4)2⁢ak−2+O⁢(nk−3)),
	



which in turn can be simplified to




	
	(k−1)⁢(k−2)2⁢ak−2+O⁢(nk−3).
	



Therefore, (ak−1)⁢(b/a)k−1−(bk−1) is equal to




	
	12k−1⁢(k−1)!⁢((k−1)⁢(k−2)2⁢ak−2+O⁢(nk−3))=12k⁢(k−3)!⁢ak−2+O⁢(nk−3),
	



which is positive and Θ⁢(nk−2) since a=Θ⁢(n). Therefore, the Kk-weight of the edge-weighted construction is Θ⁢(nk−2) more than the number of copies of Kk in the simple graph construction, so the order of the bound in Theorem 5.1 is tight.





5.2. Proof of Theorem 5.1



If an edge of a [0,1]-edge-weighted graph is assigned a weight in (0,1), we call it a fractional edge. We prove Theorem 5.1 by changing the edge weights of a [0,1]-edge-weighted graph G′ repeatedly until no fractional edges are left. Then we are left with a {0,1}-edge-weighted graph that corresponds to a simple graph G.




Proof of Theorem 5.1.


Let k≥3, let G′ a [0,1]-edge-weighted graph on n≥3 vertices, and set




	
	m:=⌊∑e∈E⁢(G′)w⁢(e)⌋.
	



We will need to be able to track the weight of all cliques sharing a common edge without including the weight of the edge itself or a second specified edge. For e,f∈E⁢(G′), let




	
	Nk⁢(e,f)=∑S∈([n]k)e⊆S,f⊄S∏e′∈(S2)∖ew⁢(e′).
	



Then, the sum of weights of all k-cliques that contain e, but not f, is w⁢(e)⁢Nk⁢(e,f).




Suppose there are two disjoint, fractional edges e,f∈e⁢(G′) with weight x:=w⁢(e) and y:=w⁢(f). Assume without loss of generality that Nk⁢(e,f)≤Nk⁢(f,e). If we decrease w⁢(e) by ℓ∈[0,1] and increase w⁢(f) by ℓ, then the sum of edge-weights is still m. Further, the weight of cliques containing e, but not f, decreases by ℓ⁢Nk⁢(e,f), and the weight of cliques including f, but not e, increases by ℓ⁢Nk⁢(f,e)≥ℓ⁢Nk⁢(e,f). It remains to track the change in weight of those cliques containing both e and f. If k=3, no triangles contain both disjoint edges. If k≥4, then there are at most (n−4k−4) many k-cliques containing both e and f, so the weight of these cliques decreases by at most (n−4k−4) since all k-clique weights are in [0,1]. Therefore, overall, the change in edge-weights can cause a total decrease in k-clique weight of at most (n−4k−4). Choosing the maximum ℓ such that w⁢(e)−ℓ,w⁢(f)+ℓ∈[0,1], we repeat this process until no pairs of disjoint, fractional edges remain. Call the resulting edge-weighted graph G′′. Since there is at least one less fractional edge after each operation, and there are (n2) edges in the graph, we perform this operation at most (n2) times. Therefore, Nw⁢(Kk,G′)−Nw⁢(Kk,G′′) is at most




	
	(n2)⁢(n−4k−4)≤nk−22⋅(k−4)!
	



for k≥4 and at most 0 for k=3.




Note that all fractional edges in G′′ form either a triangle or a star, so there are at most n remaining fractional edges. Suppose there are two fractional edges e,f∈e⁢(G′′) with weight x:=w⁢(e) and y:=w⁢(f). Since all fractional edges are incident, e and f share a vertex. Assume that Nk⁢(e,f)≤Nk⁢(f,e), decrease w⁢(e) by ℓ∈[0,1], and increase w⁢(f) by ℓ. Again, the weight of cliques containing e, but not f, decreases by ℓ⁢Nk⁢(e,f), and the weight of cliques including f, but not e, increases by ℓ⁢Nk⁢(f,e)≥ℓ⁢Nk⁢(e,f). There are at most (n−3k−3) many k-cliques containing both e and f, so the weight of these cliques decreases by at most (n−3k−3). Therefore, overall, the change in edge-weights can cause a total decrease in k-clique weight of at most (n−3k−3). Choosing the maximum ℓ such that w⁢(e)−ℓ,w⁢(f)+ℓ∈[0,1], we repeat this process until no pairs of disjoint, fractional edges remain. Call the resulting edge-weighted graph G′′′. Since there is at least one less fractional edge after each operation, and there are at most n fractional edges in G′′, we perform this operation at most n times. Therefore, Nw⁢(Kk,G′′)−Nw⁢(Kk,G′′′) is at most




	
	n⁢(n−3k−3)≤nk−2(k−3)!.
	






If ∑e∈E⁢(G′)w⁢(e)∉ℤ, then there is one remaining fractional edge in G′′′. Set its weight to zero and call the resulting (un-weighted) graph G. Note that N⁢(Kk,G) differs from Nw⁢(Kk,G′′′) by at most




	
	(n−2k−2)≤nk−2(k−2)!.
	






Putting everything together, we see that




	
	Nw⁢(Kk,G′)−N⁢(Kk,G)≤(12+1k−3+1(k−2)⁢(k−3))⋅nk−2(k−4)!≤2⁢nk−2(k−4)!
	



for k≥4 and




	
	Nw⁢(K3,G′)−N⁢(K3,G)≤(10!+11!)⁢n=2⁢n,
	



as desired.
∎








Chapter 6 Maximum star densities



This chapter is based on joint work with Dhruv Mubayi in [8], published in the SIAM Journal on Discrete Mathematics.




6.1. Background and results



Reiher and Wagner [37] make great use of the theory of graphons for their work on star densities. While we considered an edge-coloring variant of the standard graphon in the proof of Proposition 4.9 in Chapter 4, we go into more detail here. Formally, a graphon W is a symmetric, measurable function W:[0,1]2→[0,1] (see Lovász [27]). For a graphon W, let dW⁢(x)=∫01W⁢(x,y)⁢𝑑y be the degree of x in W and let




	
	t(∣,W)=∫[0,1]2W(x,y)dxdy
	



be the density of W. We observe that




	
	∑v∈V⁢(G)d⁢(v)k=N⁢(Sk,G)+O⁢(nk)
	



in graphs. Correspondingly, let




	
	t⁢(Sk,W)=∫01dWk⁢(x)⁢𝑑x
	



be the homomorphism density of Sk in W.




Theorem 6.1 (Reiher–Wagner [37]).


Let W be a graphon and let k be a positive integer. Set γ=t(∣,W) and η=1−1−γ. Then




	
	t⁢(Sk,W)≤max⁡{γ(k+1)/2,η+(1−η)⁢ηk}.
	








By the general theory of graphons, Theorem 6.1 gives the same upper bound for I⁢(Sk,γ).
There appears to be an error in the proof of [37, Proposition 3.7], which is necessary for the proof of Theorem 6.1. We correct the proof.




We also consider the problem of maximizing the number of copies of Sk in graph G and its complement G¯ simultaneously. We expect the number of copies of Sk in both G and G¯ to be Θ⁢(nk+1), so any terms that are O⁢(nk) or o⁢(nk+1) can be viewed as error terms. We prove the following result for k=2.




Theorem 6.2.


For all graphs G on n vertices with edge density γ, we have that




	
	N⁢(S2,G)+N⁢(S2,G¯)≤3⁢(n3)⁢max⁡{2⁢γ3/2−2⁢γ+1,2⁢(1−γ)3/2−2⁢(1−γ)+1}+o⁢(n3).
	








This bound is tight. When 2⁢γ3/2−2⁢γ+1 is the maximum, the optimal construction asymptotically is the clique. Otherwise, the optimal construction is the anticlique. Note that these are the same constructions as for Theorem 6.1.




For k=3, we observe that




	
	N⁢(S3,G)+N⁢(S3,G¯)=∑v∈V⁢(G)(d⁢(v)3+(n−d⁢(v))3)+O⁢(n3).
	



This motivates our next result.




Theorem 6.3.


For all graphs G on n vertices with edge density γ, we have that




	
	∑v∈V⁢(G)(d⁢(v)3+(n−d⁢(v))3)≤n46⁢max⁡{3⁢γ3/2−3⁢γ+1,3⁢(1−γ)3/2−3⁢(1−γ)+1}+o⁢(n4).
	








Theorem 6.3 is also tight, and the constructions are again the clique and anticlique.




We prove Theorem 6.1 in Section 6.2. We prove Theorems 6.2 and 6.3 in Section 6.3.





6.2. Maximum star densities: correcting an error



In this section, we will correct the proof of Theorem 6.1 from [37]. This involves defining a new parameter (called T⁢(W)) on graphons that we will optimize. Nevertheless, many parts of the argument are identical to those in [37], and we will indicate when this is the case in various lemmas, claims and propositions.




Given a measurable function F:[0,1]→ℝ, a graphon W, and γ∈[0,1], let




	
	D⁢(F,W)
	:=∫01F⁢(dW⁢(x))⁢𝑑x,
	


	
	MAX⁡(γ,F)
	:=max⁡{(1−γ)⁢F⁢(0)+γ⁢F⁢(γ),(1−η)⁢F⁢(η)+η⁢F⁢(1)},
	



where η=1−1−γ.
A measurable function F:[0,1]→ℝ is good for W if




	
	D⁢(F,W)≤MAX⁡(γ,F),
	



where γ=t(∣,W) and η=1−1−γ; F is bad for W if it is not good for W.
A collection of measurable functions is good (bad) for W if all its members are good (bad) for W.
In [37], a set 𝒞 of twice differentiable convex functions F:[0,1]→ℝ satisfying certain conditions is defined. We do not need the details of the conditions here, so we do not state them, but we note that 𝒞 contains the function F⁢(x)=xk.




The error in [37] appears in the proof of the following proposition.




Proposition 6.4 (corresponds to [37, Proposition 3.7]).


𝒞 is good for all step graphons.






To prove Proposition 6.4, we introduce the following more refined notion of “good.” For any δ>0, say that F∈𝒞 is δ-good for a graphon W if




	
	D⁢(F,W)<MAX⁡(γ,F)+δ
	



for γ=t(∣,W) and η=1−1−γ. Say that F is δ-bad for W if it is not δ-good for W.




We next show that several lemmas from [37] still apply when we replace “good” with “δ-good.” The proofs are almost exact copies of those in [37], and are given in the Appendix.




Lemma 6.5 (corresponds to [37, Lemma 3.2]).


If all functions in 𝒞 are δ-good for a graphon W, then the same is true for the graphon 1−W.






Given a graphon W and a real number λ∈[0,1], let [λ,W] be the graphon satisfying




	
	[λ,W]⁢(x,y)={0 if 0≤x<λ or 0≤y<λ,W⁢(x−λ1−λ,y−λ1−λ)otherwise.
	






Lemma 6.6 (corresponds to [37, Lemma 3.5]).


If λ∈[0,1] and the graphon W has the property that all functions in 𝒞 are δ-good for it, then the same applies to [λ,W].






Similarly, let [W,λ] be the graphon satisfying




	
	[W,λ]⁢(x,y)={W⁢(x1−λ,y1−λ) if 0≤x≤1−λ and 0≤y≤1−λ,1otherwise.
	






The next lemma follows from the previous two lemmas and the observation that [W,λ] is isomorphic to 1−[λ,1−W].




Lemma 6.7 (corresponds to [37, Lemma 3.6]).


If all functions in 𝒞 are δ-good for the graphon W and λ∈[0,1], then all functions in 𝒞 are good for [W,λ] as well.






We now prove Proposition 6.4.
Let 𝒮 be the collection of all step graphons and let 𝒮i be the collection of all step graphons with i parts.




Proof of Proposition 6.4.


Suppose for a contradiction that there exists W′∈𝒮 and F′∈𝒞 such that F′ is bad for W′. This means that D⁢(F′,W′)>MAX⁡(γ,W′). Then there exists δ>0 such that D⁢(F′,W′)≥MAX⁡(γ,W′)+δ. In other words, F′ is δ-bad for W′. Let




	
	𝒜=𝒜⁢(δ):={(F,W)∈𝒞×𝒢:F is δ-bad for ⁢W}.
	



Note that (F′,W′)∈𝒜, so 𝒜≠∅ . Partition 𝒜 into ⋃i=1∞𝒜i, where




	
	𝒜i:={(F,W)∈𝒞×𝒢i:F is δ-bad for W}.
	



Let k be the smallest integer such that 𝒜k≠∅. As all convex functions are good for all constant graphons (see [37, Observation 2.1]), we have k≥2. Pick F∈𝒞 such that (F,W)∈𝒜k for some W. Let




	
	𝒲:={W:(F,W)∈𝒜k}.
	



Let μ be the Lebesgue measure on ℝ. Each W∈𝒲 is a step function with respect to a partition 𝒫={P1,…,Pk} of the unit interval with αi=μ⁢(Pi) for all i∈[k] and βi⁢j the value attained by W on Pi×Pj for i,j∈[k]. By the choice of k, we deduce α1,…,αk>0 for all W∈𝒲. Define




	
	T⁢(W):=∑i=1kαi⁢(dW⁢(i))2,
	



where




	
	dW⁢(i)=∫01W⁢(i,y)⁢𝑑y=∑j=1kαj⁢βi⁢j
	



for all i∈[k].




Claim 6.8.


T:=supW∈𝒲T⁢(W)=maxW∈𝒲⁡T⁢(W).






Proof.


First we note that each 𝒮ℓ has a natural compact topology corresponding to convergence of all parameters αi and βi⁢j.




In particular, the space is homeomorphic to Δℓ−1×[0,1](ℓ+12), where Δℓ−1 is the standard (ℓ−1)-simplex since ∑i=1ℓαi=1. In this topology, it is straightforward to check that T⁢(W), D⁢(F,W) and MAX⁡(γW,F) are continuous functions of W provided that F is continuous and that the property of being δ-bad is preserved under taking the limit. (This is why we needed to define the property of being δ-bad, as this would not be true if we replaced “δ-bad” with just “bad.”) In particular, this implies that the set 𝒲 is closed, hence compact. Thus, T⁢(𝒲) must attain its maximum in the compact set 𝒲.
∎






Fix W∈𝒲 with partition 𝒫={P1,…,Pk} and parameters αi and βi⁢j∈[0,1] for all i,j∈[k] such that T⁢(W)=T. Recall that by the minimality of k, we know that αi∈(0,1). By the definition of 𝒲, F is δ-bad for W. Set di:=dW⁢(i).
To obtain the necessary contradiction to complete the proof of the proposition, we will show that F is δ-good for W, i.e. that




	
	D⁢(F,W)=∫01F⁢(dW⁢(x))⁢𝑑x=∑i=1kαi⁢F⁢(di)<MAX⁡(γ,F)+δ,
	



for γ=t(∣,W)=∑i=1kαidi. Without loss of generality, we may assume d1≤d2≤⋯≤dk.




Claim 6.9 (corresponds to [37, Claim 3.8]).


If 1≤r<s≤k and βi⁢r>0, then βi⁢s=1.






Proof of Claim 6.9.


Suppose, for contradiction, that βi⁢r>0 and βi⁢s<1.
Define Q∈𝒮k with the same partition 𝒫 as follows: let δi⁢j denote the Kronecker delta, and set, for x∈Pm and y∈Pn,




	
	Q⁢(x,y)={−(1+δi⁢r)⁢αs if ⁢{m,n}={i,r},(1+δi⁢s)⁢αr if ⁢{m,n}={i,s},0 otherwise.
	



Let ε≥0 be maximal such that Wε=W+ε⁢Q still satisfies Wε⁢(x,y)∈[0,1] for all x,y∈[0,1]. By our assumptions on βi⁢r and βi⁢s, we know that ε>0.




For all j∈[k], let dj′ denote the value attained by dWε⁢(x) for all x∈Pj. We have




	
	dr′−dr=−(1+δi⁢r)⁢αi⁢αs⁢ε+δi⁢r⁢(1+δi⁢s)⁢αi⁢αs⁢ε=−αi⁢αs⁢ε,
	



and similarly ds′−ds=αi⁢αr⁢ε.
Further, if i∉{r,s}, then




	
	di′−di=αr⁢(βi⁢r−αs)+αs⁢(βi⁢s+αr)−(αr⁢βi⁢r+αs⁢βi⁢s)=0.
	



Therefore dj′=dj for all j∉{r,s}. Consequently,




	
	T⁢(Wε)−T⁢(W)=∑j=1kαj⁢(dj′)2−∑j=1kαj⁢dj2
	=αr⁢(dr−αi⁢αs⁢ε)2−αr⁢dr2+αs⁢(ds+αi⁢αr⁢ε)2−αs⁢ds2
	


	
	
	=2⁢ε⁢αi⁢αr⁢αs⁢(ds−dr)+ε2⁢αi2⁢αr⁢αs⁢(αr+αs)
	


	
	
	≥ε2⁢αi2⁢αr⁢αs⁢(αr+αs)>0
	



since αi,αr,αs,ε>0 and ds≥dr by assumption. Thus T⁢(Wε)>T⁢(W), and clearly Wε∈𝒮k, so we conclude by the choice of W that Wε∉𝒲.
To complete the proof, we will now obtain the contradiction Wε∈𝒲 by showing that F is δ-bad for Wε.
First, observe that




	
	∫[0,1]2Q⁢(x,y)⁢𝑑x⁢𝑑y=αi⁢αr⁢αs⁢((1+δi⁢s)⁢(2−δi⁢s)−(1+δi⁢r)⁢(2−δi⁢r))=0.
	



This implies that t(∣,Wε)=t(∣,W)=γ. Next,




	
	D⁢(F,Wε)−D⁢(F,W)
	=∫01F⁢(dWε⁢(x))⁢𝑑x−∫01F⁢(dW⁢(x))⁢𝑑x
	


	
	
	=∑j=1kαj⁢(F⁢(dj′)−F⁢(dj))
	


	
	
	=αs⁢(F⁢(ds+αi⁢αr⁢ε)−F⁢(ds))+αr⁢(F⁢(dr−αi⁢αs⁢ε)−F⁢(dr))
	


	
	
	≥αi⁢αr⁢αs⁢ε⁢(F′⁢(ds)−F′⁢(dr))≥0
	



by convexity of F and ds≥dr.
Since F is δ-bad for W, we obtain




	
	D⁢(F,Wε)≥D⁢(F,W)≥MAX⁡(γ,F)+δ.
	



This shows that F is δ-bad for Wε and completes the proof of the claim.
∎






Claim 6.10 (corresponds to [37, Claim 3.9]).


β1⁢k>0.






Proof.


If this does not hold, then β1⁢k=0 and Claim 6.9 imply that β1⁢i=0 for all i∈[k−1]. It follows that there exists W′∈𝒮k−1 such that W is isomorphic to [α1,W′]. Due to the minimality of k all functions in 𝒞 are δ-good for W′ and by Lemma 6.6 the same applies to the graphon W, contrary to its choice.
∎






Claim 6.11 (corresponds to [37, Claim 3.10]).


β1⁢k<1.






Proof.


Suppose for contradiction that β1⁢k=1. Then βk⁢1=β1⁢k>0, and Claim 6.9 implies βk⁢i=1 for all 1≤i≤k. So some W′∈𝒮k−1 has the property that [W′,αk] is isomorphic to W. This implies that all functions in 𝒞 are δ-good for W′ and then Lemma 6.7 implies that all functions in 𝒞 are δ-good for W, contradiction.
∎






By Claims 6.10 and 6.11, we have 0<β1⁢k<1. Moreover, by Claim 6.9, β1⁢i=0 for all i∈[k−1] and βj⁢k=1 for all j with 2≤j≤k. Divide Pk into two measurable subsets Qk and Qk+1 satisfying μ⁢(Qk)=(1−β1⁢k)⁢αk and, consequently, μ⁢(Qk+1)=β1⁢k⁢αk. Set Qi=Pi for i∈[k−1] and 𝒬={Q1,…,Qk+1}. Let W′ be the step graphon with respect to 𝒬 defined as follows: for x∈Qi and y∈Qj,




	
	W′⁢(x,y)={βi⁢j if 2≤i≤k and 2≤j≤k,0 if i=1 and j∈[k] or vice versa,1 if i=k+1 or j=k+1.
	



By the last two clauses W′ is isomorphic to a graphon of the form [[α1/(1−β1⁢k⁢αk),W′′],β1⁢k⁢αk] for some graphon W′′, and by the first clause W′′∈𝒢k−1. So Lemmas 6.6 and 6.7 show that F is δ-good for W′. Set d′:=dk−α1⁢β1⁢k and d′′:=dk+α1⁢(1−β1⁢k). Since t(∣,W′)=t(∣,W)=γ and (1−β1⁢k)⁢d′+β1⁢k⁢d′′=dk, Jensen’s Inequality implies that




	
	D⁢(F,W)=∑i=1kαi⁢F⁢(di)≤∑i=1k−1αi⁢F⁢(di)+αk⁢((1−β1⁢k)⁢F⁢(d′)+β1⁢k⁢F⁢(d′′))=D⁢(F,W′).
	



Therefore, D⁢(F,W)≤D⁢(F,W′)<MAX⁡(γ,F)+δ so F is δ-good for W, a contradiction.
∎






The proof of Theorem 6.1 follows from Proposition 6.4 exactly as in [37].




The error we correct is in the proof of [37, Claim 3.8] (which corresponds to Claim 6.9 in this thesis).
In [37], T is defined as the number of pairs (i,j)∈[k]2 for which βi⁢j∈{0,1} and W∈𝒮k is chosen to maximize T. Then [37, Claim 3.8] states that βi⁢r>0 and βi⁢s<1 together imply that Wε is 0 or 1 on at least T+1 of the sets Pi×Pj by construction. However, this is not true if βi⁢r=1 and βi⁢s=0. For example, consider the graphon W defined on the partition P1=[0,2/5),P2=[2/5,4/5),P3=[4/5,1] by




	
	W⁢(x,y)={1 if ⁢(x,y)∈(P1×P3)∪(P2×P2)∪(P2×P3)0 if ⁢(x,y)∈(P1×P1)∪(P1×P2)∪(P3×P3)
	



(see Figure 6.1). We see that d1=1/5, d2=3/5, and d3=4/5, so d1≤d2≤d3 is satisfied. Setting i=3, r=2, and s=3, we have that βi⁢r=1>0 and βi⁢s=0<1.
However, all entries are already 0 or 1 in W, so Wε cannot equal 0 or 1 on more sets than W. Note that any step graphon with parts ordered by degree such that βi⁢r=1 and βi⁢s=0 for some i and r<s is also a counterexample; the other entries need not equal 0 or 1 as in this example.



[image: ”An illustration of the step graphon defined by its values on $P_{1}$ $P_{2}$ and $P_{3}$.”]
Figure 6.1. A counterexample to [37, Claim 3.8] (shaded squares have β value 1).



6.3. Maximum star density in a graph and its complement



We first prove Theorem 6.2.




Proof of Theorem 6.2.


Counting the number of times each induced subgraph of G on 3 vertices contributes to N⁢(S2,G)+N⁢(S2,G¯), we see that




	
	N⁢(S2,G)+N⁢(S2,G¯)=3⁢Nind⁢(K3,G)+Nind⁢(S2,G)+Nind⁢(S2¯,G)+3⁢Nind⁢(K3¯,G).
	



Since every 3-vertex subgraph of G is one of K3, S2, S2¯, or K3¯, it is also true that




	
	Nind⁢(K3,G)+Nind⁢(S2,G)+Nind⁢(S2¯,G)+Nind⁢(K3¯,G)=(n3).
	



Thus,




	
	N⁢(S2,G)+N⁢(S2,G¯)=(n3)+2⁢(Nind⁢(K3,G)+Nind⁢(K3¯,G)).
	



Liu, Mubayi, and Reiher [26, Theorem 1.7] combined results of Goodman [15] and Olpp [33] to prove that




	
	Nind⁢(K3,G)+Nind⁢(K3¯,G)≤(n3)⁢(1−min⁡{γ−γ3/2,(1−γ)−(1−γ)3/2})+o⁢(n3).
	



Applying this bound and simplifying, we see that




	
	N⁢(S2,G)+N⁢(S2,G¯)≤3⁢(n3)⁢max⁡{2⁢γ3/2−2⁢γ+1,2⁢(1−γ)3/2−2⁢(1−γ)+1}+o⁢(n3),
	



as desired.
∎






To prove Theorem 6.3, we make use of graphons.




Proof of Theorem 6.3.


Recall that xk∈𝒞. We see further that




	
	x3+(1−x)3
	=3⁢x2−3⁢x+1∈𝒞
	



by [37, Lemma 3.1], [37, Proposition 4.4], and the fact that F∈𝒞 implies that c⁢F∈𝒞 for any positive c∈𝒞 by the definition of 𝒞. Proposition 6.4 gives that x3+(1−x)3 is good for all step graphons. As step graphons are dense in the space of all graphons (see the proof of [37, Theorem 1.3]), this implies for all graphons W that




	
	∫01dW⁢(x)3+(1−dW⁢(x))3⁢d⁢x
	≤max⁡{(1−γ)⁢F⁢(0)+γ⁢F⁢(γ),(1−η)⁢F⁢(η)+η⁢F⁢(1)}
	


	
	
	=max{1−γ+γ(γ3/2+(1−γ)3),
	


	
	
	1−γ((1−1−γ)3+(1−γ)3/2)+1−1−γ}
	


	
	
	=max⁡{3⁢γ3/2−3⁢γ+1,3⁢(1−γ)3/2−3⁢(1−γ)+1}
	



where η=1−1−γ. By the general theory of graphons, this implies that




	
	∑v∈V⁢(G)(d⁢(v)3+(n−d⁢(v))3)≤4⁢n44!⁢max⁡{3⁢γ3/2−3⁢γ+1,3⁢(1−γ)3/2−3⁢(1−γ)+1}+o⁢(n4)
	



for all graphs G on n vertices with edge density γ.
∎








Chapter 7 Subgraph density of ordered graphs



This chapter is based on joint work with Dhruv Mubayi in [8], published in the SIAM Journal on Discrete Mathematics.




7.1. Background and results



Recall that an ordered graph G=(V,E) is a graph with a total order on V. We will let V=[n]:={1,…,n} with the natural ordering. For F an ordered graph on [s], further recall that Nord⁢(F,G) is the number of subsets {v1,…,vs}⊆[n] with v1<v2<⋯<vs such that vi⁢vj∈E⁢(G⁢[v1,…,vs]) whenever i⁢j∈E⁢(F). We consider Nord⁢(F,G) when F is an ordered star. We will show that the following constructions achieve the maximum and minimum number of copies of certain ordered stars, in particular when the node is either the smallest or greatest vertex.




Construction 7.1.


For positive integers n and m≤(n2), let a be the largest integer such that f⁢(n,a):=(a2)+a⁢(n−a)≤m. As f⁢(n,n)=(n2), we have 0≤a≤n. Set b=m−f⁢(n,a). Since f⁢(n,a+1)−f⁢(n,a)=n−a−1, we conclude that 0≤b<n−a−1. Let SL⁢(n,m) be the ordered graph with vertex set [n] and edge set




	
	{v⁢w:v∈[a],w∈[n]}∪{{a+1,j}:a+2≤j≤a+b+1}.
	



In words, SL⁢(n,m) comprises a complete graph on [a], and in addition has all edges between [a] and [n]∖[a] and b edges between a+1 and the b smallest vertices in [n]∖[a+1] (see Figure 7.1). Let SR⁢(n,m) be defined as SL⁢(n,m), but where the total order on the vertices is reversed.





[image: ”An illustration of $S_{L}(nm)$.”]
Figure 7.1. SL⁢(n,m). 


Formally, SL⁢(k):=SL⁢(k+1,k) is the ordered left star and SR⁢(k):=SR⁢(k+1,k) is the ordered right star. Note that SL⁢(k) has a=1 and b=0 (see Figure 7.2).






[image: ”An illustration of the ordered left star.”]


[image: ”An illustration of the ordered right star.”]



Figure 7.2. SL⁢(k) and SR⁢(k).


Our main result for ordered graphs is the following theorem.




Theorem 7.2.


Let G be an ordered graph with vertex set [n] and m edges. Then




	
	Nord⁢(SL⁢(k),SR⁢(n,m))≤Nord⁢(SL⁢(k),G)≤Nord⁢(SL⁢(k),SL⁢(n,m)).
	








Theorem 7.2 implies similar results for SR⁢(k). There are, up to obvious symmetries, ⌈(k+1)/2⌉ different ordered stars with k edges and, apart from SL⁢(k), it remains open to prove analogous results to Theorem 7.2 for them. Indeed, obtaining sharp bounds for these stars seems nontrivial. We address the first open case when k=2.




Let M be the ordered graph with vertex set [3] and edge set {12,23}. It seems very difficult to obtain exact results for Nord⁢(M,G) so we consider asymptotic growth rates.
Let




	
	ϱord⁢(F,G):=Nord⁢(F,G)(ns)
	



be the density of F in G. Since the vertices are ordered, each s-tuple of vertices can contribute at most one copy of F so ϱord⁢(F,G)∈[0,1]. Let (Gn):=(Gn)n=1∞ be a sequence of ordered graphs with limn→∞|V⁢(Gn)|=∞. The sequence (Gn) is F-good if both limn→∞ϱ⁢(Gn) and limn→∞ϱord⁢(F,Gn) exist. In this case, we set x:=limn→∞ϱ⁢(Gn) and y:=limn→∞ϱord⁢(F,Gn) and say that (Gn) realizes (x,y). Define




	
	Iord⁢(F,x)
	:=sup{y:(x,y)∈[0,1]⁢ is realized by some F-good ⁢(Gn)},
	


	
	iord⁢(F,x)
	:=inf{y:(x,y)∈[0,1]⁢ is realized by some F-good ⁢(Gn)}.
	






We first give a construction that achieves iord(,x). As in [26], for any integers n≥k≥2 and real x∈(k−2k−1,k−1k], let H∗⁢(n,x) be the complete k-partite graph on n vertices with parts V1,…,Vk of sizes |V1|=⋯=|Vk−1|=⌊αk⁢n⌋ and |Vk|=n−(k−1)⁢⌊αk⁢n⌋, where




	
	αk=1k⁢(1+1−kk−1⁢x).
	



It is simple to check that limn→∞ϱ⁢(H∗⁢(n,x))=x. We define




	
	g3⁢(x):=limn→∞N⁢(K3,H∗⁢(n,x))(n3).
	



Let H′⁢(n,x) be an ordered graph obtained from H∗⁢(n,x) with any vertex ordering for which u<v whenever u∈Vi, v∈Vj and i<j. Then Nord⁢(M,H′⁢(n,x))=Nord⁢(K3,H∗⁢(n,x)) and this implies that




	
	iord⁢(M,x)≤g3⁢(x).
	






Recall the definition of iind⁢(F,x) from Section 4.2 of Chapter 4. Lovász and Simonovits [28] conjectured that g3⁢(x) is the minimal density of K3 in simple graphs, and this was proven by Razborov.




Theorem 7.3 (Razborov [35, Theorem 3.1]).


For all x∈[0,1],




	
	iind⁢(K3,x)=g3⁢(x).
	








As iind⁢(K3,x)=iord⁢(K3,x) due to the structure of K3, we have that iord⁢(K3,x)=g3⁢(x). Note that M is a subgraph of the ordered K3, so iord⁢(K3,x)≤iord⁢(M,x). Therefore,




	
	g3⁢(x)=iord⁢(K3,x)≤iord⁢(M,x)
	



and we conclude that




	
	iord⁢(M,x)=iord⁢(K3,x)=g3⁢(x).
	






Determining Iord⁢(M,x) appears to be more difficult.




Construction 7.4.


We construct a sequence of graphs (P⁢(n,x))n=1∞ for any x∈[0,1]. For each n, define P⁢(n,x) to be the ordered graph on [n]=A⊔B⊔C, where |B|=⌊n⁢(1−1−x)⌋, ||A|−|C||≤1, and a<b<c for all a∈A, b∈B, c∈C with edge set




	
	{a⁢b:a∈A,b∈B}∪{b1⁢b2:b1,b2∈B}∪{b⁢c:b∈B,c∈C}.
	



A short calculation shows that limn→∞ϱ⁢(P⁢(n,x))=x and




	
	limn→∞ϱord⁢(M,P⁢(n,x))=η⁢(3−η2)2
	



for η=1−1−x.






Construction 7.5.


We construct a sequence of graphs (Q⁢(n,x))n=1∞ for any x∈[0,1]. For each n, define Q⁢(n,x) to be the ordered graph on [n] with edge set




	
	{i⁢j:j−i≤⌊(1−1−x)⁢n⌋}.
	



A short calculation shows that limn→∞ϱ⁢(Q⁢(n,x))=x and that for η=1−1−x,




	
	limn→∞ϱord⁢(M,Q⁢(n,x))={6⁢η3+6⁢(1−2⁢η)⁢η2 if ⁢η≤1/2,2⁢η3−6⁢η2+6⁢η−1 if ⁢η≥1/2.
	








Constructions 7.4 and 7.5 show that for η=1−1−x,




	
	Iord⁢(M,x)≥max⁡{limn→∞ϱord⁢(M,P⁢(n,x)),limn→∞ϱord⁢(M,Q⁢(n,x))}.
	



It is an interesting open problem to determine if the inequality is sharp.




Problem 7.6.


Is




	
	Iord⁢(M,x)=max⁡{limn→∞ϱord⁢(M,P⁢(n,x)),limn→∞ϱord⁢(M,Q⁢(n,x))}
	



for any (possibly all) x∈[0,1]?






A short calculation shows that there exists x0∈[0,1] such that limn→∞ϱord⁢(M,Q⁢(n,x))≤limn→∞ϱord⁢(M,P⁢(n,x)) iff x<x0.




We end this section by summarizing the current knowledge on ordered graphs with three vertices in Table 7.1. Theorem 7.2 is proven in Section 7.2, and justification for the formulas in Table 7.1 are given in Section 7.3.







	F
	iord⁢(F,x)
	Iord⁢(F,x)




	n=3,m=1
	(1−1−x)2⁢(2⁢1−x+1)
	3⁢x−2⁢x3/2


	SL⁢(2),SR⁢(2)
	(1−1−x)2⁢(2⁢1−x+1)
	1−(1−x)3/2


	M
	g3⁢(x)
	unknown


	n=3,m=3
	g3⁢(x)
	x3/2




Table 7.1. Formulas for iord and Iord for all ordered graphs on 3 vertices.



7.2. Proof of Theorem 7.2



Recall that we are assuming G=([n],E). For a vertex i in G, the right-degree of i is dG+⁢(i):=|{j>i:i⁢j∈E}|. Recall that when we write u⁢v for an edge, we implicitly mean u<v.
The left vertex of v⁢w∈E is v. A vertex v has full right-degree if E⊃{v⁢w:w>v}. Note that Nord⁢(SL⁢(k),G)=∑i∈V⁢(G)(dG+⁢(i)k).




Proof of Theorem 7.2.


If m=0 or m=(n2), the theorem is trivial, so we assume that 0<m<(n2).




Let G=([n],E) with |E|=m>0 such that G maximizes the number of copies of SL⁢(k) among all ordered n vertex m edge graphs. Suppose that there exists i∈[n−1] such that dG+⁢(i)<dG+⁢(i+1).
Let Gi be the ordered graph obtained from G by interchanging the positions of i and i+1 in the ordering of V⁢(G). We say that Gi is obtained from G by swapping i and i+1.




Since i and i+1 are consecutive in the ordering of G, we have that dG+⁢(j)=dGi+⁢(j) for all j∈[n]∖{i,i+1}. If there is no edge between i and i+1, then dG+⁢(i)=dGi+⁢(i) and dG+⁢(i+1)=dGi+⁢(i+1) as well, so N⁢(SL⁢(k),Gi)=N⁢(SL⁢(k),G). If there is an edge between i and i+1, then dGi+⁢(i)=dG+⁢(i)−1 and dGi+⁢(i+1)=dG+⁢(i+1)+1. By convexity of the binomial coefficient and the fact that dG+⁢(i)<dG+⁢(i+1),




	
	Nord⁢(SL⁢(k),Gi)−
	Nord⁢(SL⁢(k),G)=∑j∈V⁢(Gi)(dGi+⁢(j)k)−∑j∈V⁢(G)(dG+⁢(j)k)
	


	
	
	=((dGi+⁢(i)k)+(dGi+⁢(i+1)k))−((dG+⁢(i)k)+(dG+⁢(i+1)k))
	


	
	
	=((dG+⁢(i)−1k)+(dG+⁢(i+1)+1k))−((dG+⁢(i)k)+(dG+⁢(i+1)k))≥0.
	



We continue swapping adjacent vertices in this way until there is no i∈[n−1] such that dG+⁢(i)<dG+⁢(i+1). Call the resulting graph G′. Then dG′+⁢(v)≥dG′+⁢(w) for all v<w and Nord⁢(SL⁢(k),G′)=Nord⁢(SL⁢(k),G) by our assumption on G.




Let vG′:=min⁡{i∈[n]:dG′+⁢(i)<n−i}, which exists since m<(n2), and choose w∈[n] such that w>vG′ and vG′⁢w∉E⁢(G′).
Let xG′:=max⁡{i∈[n]:dG′+⁢(i)>0}, which exists since m>0. For brevity, set v′:=vG′ and x′:=xG′.
Note that if v′=1, then x′≥1=v′; if v′≥2, then the definition of v′ implies that dG′+⁢(v′−1)=n−v′+1>0, so x′≥v′−1. Thus v′≤x′+1. In the next paragraph, we show that there is a graph G′′ with the same number of copies of SL⁢(k) as G′ satisfying xG′′≤vG′′≤xG′′+1.




Suppose that v′<x′ and fix y∈[n] such that x′⁢y∈E⁢(G′) (recall that this notation implies x′<y). Let H=([n],(E⁢(G′)∪{v′⁢w})∖{x′⁢y}). Then dH+⁢(v′)=dG′+⁢(v′)+1 and dH+⁢(x′)=dG′+⁢(x′)−1.
By convexity of the binomial coefficient and the fact that dG′+⁢(v′)≥dG′+⁢(x′),




	
	Nord⁢(SL⁢(k),H)≥Nord⁢(SL⁢(k),G′)=Nord⁢(SL⁢(k),G).
	



We continue adding and deleting edges in this way until we reach a new graph, call it G′′, satisfying vG′′≥xG′′. Notice that xG′′≤vG′′≤xG′′+1 and Nord⁢(SL⁢(k),G′′)=Nord⁢(SL⁢(k),G).




Setting v:=vG′′, we further see that




	
	E⁢(G′′)={i⁢j:i∈[v−1],j∈[n]}∪A
	



for some A⊂{v⁢j:j∈{v+1,v+2,…,n}} with |A|=b for some 0≤b<n−v. Since dG′′+⁢(v)=b and dG′′+⁢(w)=0 for w>v,




	
	Nord⁢(SL⁢(k),G)=Nord⁢(SL⁢(k),G′′)=Nord⁢(SL⁢(k),SL⁢(n,m))
	



as required.




Let G=([n],E) with |E|=m such that G minimizes the number of copies of SL⁢(k) among all ordered n vertex m edge graphs. Suppose further that there are some i,j∈V⁢(G) with i<j such that dG+⁢(j)<n−j and dG+⁢(i)>dG+⁢(j). Then choose v∈[n] such that j<v and j⁢v∉E. As dG+⁢(i)>dG+⁢(j)≥0, we also choose w∈[n] such that i<w and i⁢w∈E. Let H=([n],(E∪{j⁢v})∖{i⁢w}). Then dH+⁢(i)=dG+⁢(i)−1 and dH+⁢(j)=dG+⁢(j)+1. By convexity of the binomial coefficient,




	
	Nord⁢(SL⁢(k),H)≤Nord⁢(SL⁢(k),G).
	



By our assumption on G, we must have Nord⁢(SL⁢(k),H)=Nord⁢(SL⁢(k),G).
We repeatedly remove an edge i⁢w and add an edge j⁢v for i<j satisfying d+⁢(j)<n−j and d+⁢(i)>d+⁢(j) until no such i and j exist.
Call the resulting graph G′ and note that G′ has m edges. Then Nord⁢(SL⁢(k),G′)=Nord⁢(SL⁢(k),G) and




	
	for all i<j in G′, either dG′+⁢(j)=n−j or dG′+⁢(i)≤dG′+⁢(j).
	
	(7.1)



We note here that the right degree sequence of SR⁢(n,m) is given by (not necessarily in the vertex order):




	
	0,1,…,a−1,a,…,a⏟n−a−b,a+1,…,a+1⏟b.
	
	(7.2)



Our plan is to alter G′ until its right degree sequence is the same as in (7.2). This will allow us to conclude that Nord⁢(SL⁢(k),G′)=Nord⁢(SL⁢(k),SR⁢(n,m)).




Set vG′:=min⁡{j∈[n]:dG′+⁢(j)=n−j}. For brevity, set v′:=vG′. Then dG′+⁢(i)≤dG′+⁢(j) for all i<j≤v′−1 by (7.1). Furthermore, if there exists i≥v′ such that dG′+⁢(i)<n−i, then we can find consecutive vertices x,y such that v′≤x<y, dG′+⁢(y)<n−y
and dG′+⁢(x)=n−x. But this is impossible as (7.1) implies that dG′+⁢(y)≥dG′+⁢(x)=n−x>n−y.
Consequently, dG′+⁢(i)=n−i
for all i∈{v′,v′+1,…,n}.




If v′=n, then dG′+⁢(n−1)=0 and dG′+⁢(i)≤dG′+⁢(n−1)=0 for all i∈[n−1], so |E⁢(G′)|=0. This contradicts m>0, so we must have v′<n. If dG′+⁢(i)≥n−v′+1 for some i∈[v′−1], then since i≤v′−1, we have dG′+⁢(v′−1)≥dG′+⁢(i)≥n−v′+1=n−(v′−1). This implies that dG′+⁢(v′−1)=n−(v′−1), contradicting the definition of v′. Therefore
v′<n and dG′+⁢(i)≤n−v′ for all i∈[v′−1].




Next, suppose that dG′+⁢(1)<n−v′−1. Note that dG′+⁢(v′)=n−v′>n−v′−1>dG′+⁢(1) implies that dG′+⁢(v′)≥dG′+⁢(1)+2. Choose x∈[n]∖{1} such that 1⁢x∉E⁢(G′) and y∈{v′+1,…,n} such that v′⁢y∈E⁢(G′). Let H′=([n],(E⁢(G′)∪{1⁢x})∖{v′⁢y}). Then dH′+⁢(1)=dG′+⁢(1)+1 and dH′+⁢(v′)=dG′+⁢(v′)−1. By convexity of binomial coefficients and the fact that dG′+⁢(v′)≥dG′+⁢(1)+2,




	
	Nord⁢(SL⁢(k),H′)≤Nord⁢(SL⁢(k),G′)=Nord⁢(SL⁢(k),G).
	



We continue adding and deleting edges in this way until we reach a graph, call it G′′, that satisfies dG′′+⁢(1)≥n−vG′′−1. Note that n−vG′′−1≤dG′′+⁢(1)≤n−vG′′.




Set v:=vG′′. Since the right-degrees of vertices x are nondecreasing for 1≤x≤v, there is some 0<b0≤v such that dG′′+⁢(i)=n−v−1 for all i∈[v−b0], dG′′+⁢(i)=n−v for the remaining b0 vertices v−b0+1≤i≤v; we have already observed that dG′′+⁢(i)=n−i for all i>v. Thus the right degree sequence of G′′ is given by




	
	0,1,…,n−v−2,n−v−1,…,n−v−1⏟v+1−b0,n−v,…,n−v⏟b0.
	
	(7.3)



If b0=v, set b=0 and a=n−v. Otherwise, set b=b0 and a=n−v−1. In either case, the degree sequence of SR⁢(n,m) in (7.2) is the same as that of G′′ in (7.3) and therefore




	
	Nord⁢(SL⁢(k),G)=Nord⁢(SL⁢(k),G′′)=Nord⁢(SL⁢(k),SR⁢(n,m))
	



as required.
∎







7.3. Ordered graphs on three vertices



First, we address the ordered graphs on three vertices and only one edge. Let Fi⁢j have vertex set {1,2,3} and only one edge i⁢j for i,j∈{1,2,3} distinct. We obtain the following result.




Proposition 7.7.


For any x∈[0,1], we have that Iord⁢(F12,x)=3⁢x−2⁢x3/2 and iord⁢(F12,x)=(1−1−x)2⁢(2⁢1−x+1).






Proof.


Let G=([n],E) be an ordered graph with ⌊x⁢(n2)⌋ edges and note that every edge i⁢j∈E⁢(G) (for i<j) contributes exactly n−j copies of F12.




Let G be chosen to maximize the number of copies of F12. Suppose that i1⁢ji∉E and i2⁢j2∈E for some i1,i2,j1,j2∈[n] such that i1<j1 and j1<j2. Now delete i2⁢j2 and add i1⁢j1. By doing this, we have gained




	
	n−j1−(n−j2)=j2−j1>0
	



copies of F12. This contradicts our choice of G, so no such pair of edges exists. Thus, G contains all of the edges with the least right vertex, so G must be a clique on the smallest x⋅n vertices asymptotically. Taking the limit, we see that




	
	Iord⁢(F12,x)=limn→∞(⌊n⁢x⌋3)+(n−⌊n⁢x⌋)⁢(⌊n⁢x⌋2)(n3)=x3/2+3⁢(1−x)⁢x=3⁢x−2⁢x3/2.
	






Now let G instead be chosen to minimize the number of copies of F12. Suppose that i1⁢ji∈E and i2⁢j2∉E for some i1,i2,j1,j2∈[n] such that i2<j2 and j1<j2. Now delete i1⁢j1 and add i2⁢j2. By doing this, we have lost




	
	n−j1−(n−j2)=j2−j1>0
	



copies of F12. This contradicts our choice of G, so no such pair of edges exists. Thus, G contains all of the edges with the greatest right vertex, so G must be SR⁢(n,x⁢(n2)) asymptotically. Taking the limit, we see that




	
	iord⁢(F12,x)=limn→∞(n−⌊n⁢1−x⌋3)+⌊n⁢1−x⌋⋅(n−⌊n⁢1−x⌋2)(n3),
	



which is equal to




	
	(1−1−x)3+3⁢1−x⁢(1−1−x)2=(1−1−x)2⁢(2⁢1−x+1)
	



as claimed.
∎






By symmetry, the same is true for F23. The proof is a bit different for F13.




Proposition 7.8.


For any x∈[0,1], we have that Iord⁢(F13,x)=3⁢x−2⁢x3/2 and iord⁢(F13,x)=(1−1−x)2⁢(2⁢1−x+1).






Proof.


Let G=([n],E) be an ordered graph with ⌊x⁢(n2)⌋ edges and note that every edge i⁢j∈E⁢(G) contributes exactly j−i−1 copies of F13. For an edge i⁢j∈E, let j−i be its length.






[image: ”An ordered graph on $7$ vertices with all edges of length $4$ or greater.”]
(a) Finite example of construction maximizing F13.


[image: ”An ordered graph on $7$ vertices with all edges of length $3$ or less.”]
(b) Finite example of construction minimizing F13.



Figure 7.3. Extremal constructions for F13.


Let G be chosen to maximize the number of copies of F13. Suppose that i1⁢ji∉E and i2⁢j2∈E for some i1,i2,j1,j2∈[n] such that i1<j1 and j1−i1>j2−i2. Now delete i2⁢j2 and add i1⁢j1. By doing this, we have gained




	
	j1−i1−1−(j2−i2−1)=(j1−i1)−(j2−i2)>0
	



copies of F13. This contradicts our choice of G, so no such pair of edges exists. Thus, G contains all of the edges with greatest length. For G to have edge density x, it must contain all edges of length at least (1−x)⁢n asymptotically. A finite example of this construction is visualized in Figure 7.3(a). Taking the limit, we see that




	
	Iord⁢(F13,x)=limn→∞∑ℓ=(1−x)⁢nn(n−ℓ)⁢ℓ(n3)=−x⁢(2⁢x−3)=3⁢x−2⁢x3/2.
	






Now let G instead be chosen to minimize the number of copies of F13. Suppose that i1⁢ji∈E and i2⁢j2∉E for some i1,i2,j1,j2∈[n] such that i1<j1 and j1−i1>j2−i2. Now delete i1⁢j1 and add i2⁢j2. By doing this, we have lost




	
	j1−i1−1−(j2−i2−1)=(j1−i1)−(j2−i2)>0
	



copies of F13. This contradicts our choice of G, so no such pair of edges exists. Thus, G contains all of the edges with least length. For G to have edge density x, it must contain all edges of length at most (1−1−x)⁢n asymptotically. A finite example of this construction is visualized in Figure 7.3(b). Taking the limit, we see that




	
	iord⁢(F13,x)=limn→∞∑ℓ=1(1−1−x)⁢n(n−ℓ)⁢(ℓ−1)(n3)=(1−1−x)2⁢(2⁢1−x+1),
	



as claimed.
∎






Now, we consider SL⁢(k) and SR⁢(k). Due to symmetry, we just compute Iord⁢(SL⁢(k),x) and iord⁢(SL⁢(k),x). By Theorem 7.2, we know that the construction maximizing the number of copies of SL⁢(k) is SL⁢(n,x⁢(n2)), while the construction minimizing the number of copies is SR⁢(n,x⁢(n2)). Notice that, as we are only considering the number of copies asymptotically, we may assume that b=0. In SL⁢(n,x⁢(n2)), every triple of vertices except those entirely contained in the empty section include SL⁢(k) as a subgraph, so we see that




	
	Iord⁢(SL⁢(k),x)
	=limn→∞(n3)−(1−x⁢n3)(n3)=1−(1−x)3/2.
	



In SR⁢(n,x⁢(n2)), it is exactly the triples of vertices with at least two vertices in the complete section that include SL⁢(k) as a subgraph, so we see that




	
	iord⁢(SL⁢(k),x)=limn→∞1−x⁢n⁢((1−1−x)⁢n2)+((1−1−x)⁢n3)(n3),
	



which is equal to




	
	3⁢1−x⁢(1−1−x)2+(1−1−x)3=(1−1−x)2⁢(2⁢1−x+1)
	



as claimed.




It remains to justify the last row of Table 7.1. When F=K3, the ordered graph case is the same as the simple graph case. Thus we are able to apply Theorem 7.3 to see that iord⁢(K3,x)=g3⁢(x) and the Kruskal–Katona theorem [19, 21] to see that Iord⁢(K3,x)=x3/2.






Appendix A Key inequalities for the inducibility of rainbow graphs



We prove key inequalities from Chapter 2.




Proof of (2.4).


Let q,q′≥0 and t,t′>0. Recall that p⁢(q,t) is the maximum of ∏iqi where q1+⋯+qt=q and each qi≥0 is an integer. Let q1,…⁢qt integers such that p⁢(q,t)=∏i=1tqi and q1′,…⁢qt′′ integers such that p⁢(q′,t′)=∏i=1t′qi′. Then,




	
	q1+⋯+qt+q1′+⋯+qt′′=q+q′.
	



Thus, the fact that p⁢(q+q′,t+t′) is a maximum gives that




	
	p⁢(q+q′,t+t′)≥∏i=1tqi⁢∏i=1t′qi′=p⁢(q,t)⁢p⁢(q′,t′)
	



as desired.
∎






Proof of (2.7).


We will show that




	
	1kk−1−1>1.4⁢(0.6k−2)k−2
	



for all k≥11. This is true for k=11. By (2.8) and the fact that k≥11,




	
	1kk−1−1
	≥1e⁢(k−1)k−1.
	



We will prove that




	
	1e⁢(k−1)k−1>1.4⁢(0.6k−2)k−2
	



for k≥12 by induction on k. For k=12, plugging in certifies that this is true. By the inductive hypothesis, assume that




	
	1e⁢(k−2)k−2>1.4⁢(0.6k−3)k−3.
	
	(A.1)



We see that




	
	
	(k−2)k−2(k−1)k−1>0.6⁢(k−3)k−3(k−2)k−2, or equivalently ⁢f⁢(k):=(k−2)2⁢k−4(k−1)k−1⁢(k−3)k−3>0.6
	
	(A.2)



since




	
	f⁢(11)≈0.89>0.6
	



and




	
	dd⁢k⁢f⁢(k)
	=−(k−2)2⁢k−4(k−1)k−1⁢(k−3)k−3⋅ln⁡((k−1)⁢(k−3)(k−2)2)≥0
	



since (k−2)2>(k−1)⁢(k−3). Then, by (A.1) and (A.2), we see that




	
	1e⁢(k−1)k−1
	=1e⁢(k−2)k−2⋅(k−2)k−2(k−1)k−1
	


	
	
	>1.4⁢(0.6k−3)k−3⋅0.6⁢(k−3)k−3(k−2)k−2=1.4⁢(0.6k−2)k−2.
	



∎






Proof of (2.10).


We will show that




	
	11+ε⋅(k−1)k−1kk−k−13⁢k≥zk−1
	



for all k≥11. Recalling that ε<γ/100 and γ≤1, we obtain




	
	11+ε⋅(k−1)k−1kk−k≥100101⋅(k−1)k−1kk−k.
	



Plugging in k=11, we see that




	
	100101⋅(k−1)k−1kk−k−13⁢k≥zk−1.
	



By (2.8) and the fact that k≥11,




	
	100101⋅(k−1)k−1kk−k
	≥100101⋅1e⁢k.
	



So, it suffices to show that




	
	100101⋅1e⁢k−13⁢k≥zk−1
	



for all k≥12. We do so by induction on k. For k=12, it can be verified directly. For the induction step, assume that k≥13 and




	
	100101⋅1e⁢(k−1)−13⁢(k−1)≥zk−2.
	



Using Lemma 2.7, we have (k−1)/k≥12/13>0.5>z and this yields




	
	100101⋅1e⁢k−13⁢k
	=(100101⋅1e⁢(k−1)−13⁢(k−1))⁢k−1k≥zk−2⋅z=zk−1,
	



completing the proof.
∎







Appendix B Supporting lemmas for maximum star densities



We prove supporting lemmas from Chapter 6.




Proof of Lemma 6.5.


Let F∈𝒞 be the function that we want to prove δ-good for 1−W. Using the fact that G:[0,1]→ℝ given by G⁢(x):=F⁢(1−x) from [37, Lemma 3.1(ii)] is δ-good for W we find that




	
	γ=t(∣,1−W)=1−t(∣,W) and η=1−1−γ
	



satisfy




	
	∫01F⁢(d1−W⁢(x))=∫01G⁢(dW⁢(x))
	


	
	<max⁡{(1−1−γ)⁢G⁢(0)+1−γ⁢G⁢(1−γ),γ⁢G⁢(1−γ)+(1−γ)⁢G⁢(1)}+δ
	


	
	=max⁡{(1−η)⁢F⁢(η)+η⁢F⁢(1),(1−γ)⁢F⁢(0)+γ⁢F⁢(γ)}+δ
	



as desired.
∎






Proof of Lemma 6.6.


Let F∈𝒞 be any function that we want to prove δ-good for [λ,W]. By [37, Lemma 3.1(iii)], the function H:[0,1]→ℝ given by H⁢(x)=F⁢((1−λ)⁢x) for all x∈[0,1] is in 𝒞. Thus it is δ-good for W, which tells us that




	
	∫01H⁢(dW⁢(x))⁢𝑑x<max⁡{(1−γ)⁢H⁢(0)+γ⁢H⁢(γ),(1−η)⁢H⁢(η)+η⁢H⁢(1)}+δ,
	



where γ=t(∣,W) and η=1−1−γ. Since




	
	∫01F⁢(d[λ,W]⁢(x))⁢𝑑x
	=λ⁢F⁢(0)+∫λ1F⁢((1−λ)⁢dW⁢(x−λ1−λ))⁢𝑑x
	


	
	
	=λ⁢F⁢(0)+(1−λ)⁢∫01H⁢(dW⁢(x))⁢𝑑x,
	



it follows that either




	
	∫01F⁢(d[λ,W]⁢(x))⁢𝑑x
	<λ⁢F⁢(0)+(1−λ)⁢((1−γ)⁢F⁢(0)+γ⁢F⁢((1−λ)⁢γ)+δ)
	


	
	
	=λ⁢F⁢(0)+(1−λ)⁢(1−γ)⁢F⁢(0)+(1−λ)⁢γ⁢F⁢((1−λ)⁢γ)+(1−λ)⁢δ
	


	
	
	≤λ⁢F⁢(0)+(1−λ)⁢(1−γ)⁢F⁢(0)+(1−λ)⁢γ⁢F⁢((1−λ)⁢γ)+δ,
	



or




	
	∫01F⁢(d[λ,W]⁢(x))⁢𝑑x
	<λ⁢F⁢(0)+(1−λ)⁢((1−η)⁢F⁢((1−λ)⁢η)+η⁢F⁢(1−λ)+δ)
	


	
	
	=λ⁢F⁢(0)+(1−λ)⁢(1−η)⁢F⁢((1−λ)⁢η)+(1−λ)⁢η⁢F⁢(1−λ)+(1−λ)⁢δ
	


	
	
	≤λ⁢F⁢(0)+(1−λ)⁢(1−η)⁢F⁢((1−λ)⁢η)+(1−λ)⁢η⁢F⁢(1−λ)+δ.
	



In the former case the right side simplifies to




	
	(1−γ′)⁢F⁢(0)+γ′⁢F⁢(γ′)+δ,
	



where γ′=(1−λ)2γ=t(∣,[λ,W]), meaning that F is, in particular, δ-good for [λ,W].




So we may assume that the second alternative occurs. Setting x=λ, y=(1−λ)⁢η, and z=(1−λ)⁢(1−η) we thus get




	
	∫01F⁢(d[λ,W]⁢(x))⁢𝑑x<x⁢F⁢(0)+z⁢F⁢(y)+y⁢F⁢(y+z)+δ.
	



Since y2+2⁢y⁢z=(1−λ)2⁢(2⁢η−η2)=(1−λ)2⁢γ=γ′, it follows in view of [37, Lemma 3.3] that




	
	∫01F⁢(d[λ,W]⁢(x))⁢𝑑x<max⁡{(1−γ′)⁢F⁢(0)+γ′⁢F⁢(γ′),(1−η′)⁢F⁢(η′)+η′⁢F⁢(1)}+δ,
	



where η′=1−1−γ′. This tells us that F is indeed δ-good for [λ,W].
∎
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Much of the material in Chapter 2 was previously published by Cambridge University Press [7]. On their website, it states:


“This is an open access article distributed under the terms of the Creative Commons CC BY license, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.”






Chapters 4, 6, and 7 include material that was first published in the SIAM Journal on Discrete Mathematics in 2025 [8], published by the Society for Industrial and Applied Mathematics (SIAM). Copyright ©  by SIAM. Unauthorized reproduction of work from this article is prohibited. The policy as stated in the Consent to Publish form is:


“The Author may reproduce and distribute the Work (including derivative works) in connection with the Author’s teaching, technical collaborations, conference presentations, lectures, or other scholarly works and professional activities as well as to the extent the fair use provisions of the U.S. Copyright Act permit. If the copyright is granted to the Publisher, then the proper notice of the Publisher’s copyright should be provided. … In any authorized reproduction or duplication of the work, in whole or in part, by the Author or an entity as permitted herein, the original publication must be properly credited in the following manner: “First Published in [Publication] in [volume and number, or year], published by the Society for Industrial and Applied Mathematics (SIAM)” and the copyright notice as stated in the article itself (e.g., “Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.”) must be placed on all copies.”
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