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Summary

In this thesis, we consider problems in extremal combinatorics concerning the number
of copies of a fixed graph in another larger graph. Many of these problems can be phrased
in terms of inducibility informally defined as follows: Given a graph F', the inducibility of
F' is the maximum proportion of induced copies of F' in a large graph G. We also consider
how to maximize or minimize the number of copies of F' in G when G has a fixed edge-
density. We address these problems in a variety of settings, including edge-colored graphs,
edge-weighted graphs, oriented graphs, and ordered graphs. In some of these settings, we
consider the number of (not necessarily induced) subgraphs of G that are isomorphic to F,
while in others we only consider the induced subgraphs of G.

Our first results concern the inducibility of rainbow graphs, i.e. graphs where every edge
is assigned a distinct color. This is inspired by work in [30] on the inducibility of oriented
rainbow graphs. We remove the orientation of edges and prove that there is an absolute
constant C' > 0 such that every k-vertex connected rainbow graph R with minimum degree
at least C'log k has inducibility k!/(k* — k). We show that the same result holds if k& > 11,
and R is a clique. This answers a question posed by Huang [18], that is a generalization
of an old problem of Erd6s and Sés. We show that the connectedness assumption on R is
necessary and also consider the problem when our rainbow coloring of R is not fixed.

Our next result is in the setting of oriented graphs. The fundamental conjecture in the
area of inducibility, due to Pippenger and Golumbic [34], concerns the inducibility of cycles
in simple graphs. Inspired by the work in [20], we prove an upper bound on the number of
oriented cycles in an oriented graph that supports the Pippenger—Golumbic conjecture for
graphs with lower edge density.

The remaining problems discussed in this thesis consider the same basic question of
minimizing or maximizing the number of copies of a smaller graph in a larger graph, but
where the edge density of the larger graph is fixed. We refer to such problems as subgraph
density problems and consider them in the following settings:

(1) Edge-colored complete graphs. For s > 2, we define a particular 3-edge-colored
complete graph F§ on 2s vertices with colors blue, green, and red, and determine,
for each (x,z,) with z, + 2, < 1 and 3,2, > 0, the maximum density of F in a
large graph whose blue, green, and red edge sets have densities 3, 2, and 1 —x, — 2,
respectively. We extend the concept of the feasible region to edge-colored complete
graphs as well, with some help from the theory of graphons, and compute it entirely
for F,. These are the first nontrivial examples of colored graphs for which such
complete results have been proved and are an extension of work in [26].

(2) Edge-weighted graphs. Given a fixed number of edges m in a graph G and an
integer k£ > 2, the Kruskal-Katona theorem [19, 2] implies that the maximum
number of copies of the complete graph K} in G is achieved when G is as close
to a clique as possible. We address a generalization when the edges are assigned

X



SUMMARY xi

weights. We show that in the weighted setting, where each edge-weight lies in [0, 1],
the weighted number of copies of K}, can exceed the bound in the unweighted setting,
but only by a lower order term.

Stars. We consider simple graphs and correct an error in a result of Reiher and
Wagner [37]. We prove that the number of k-edge stars in a graph with density v €
[0, 1] is asymptotically maximized by a clique and isolated vertices or its complement.
Inspired by this problem, we also consider how to maximize the sum of the number
of k-edge stars in a graph with density v € [0, 1] and the number of copies in its
complement. We show that the same constructions maximize this quantity for k = 2
and 3 as in the original case.

Ordered graphs. We consider graphs with a total order on their vertices. Among
all ordered n-vertex graphs with m edges, we determine the maximum and minimum
number of copies of a k-edge star whose nonleaf vertex is minimum among all vertices
of the star. The constructions achieving the minimum and maximum are similar to
the construction in [37] that achieves the maximum star density for simple graphs for
certain edge densities. Further, we determine the maximum and minimum number
of copies for almost all ordered graphs on 3 vertices.



CHAPTER 1

Introduction

We consider inducibility and subgraph density problems in many settings. In the litera-
ture, some of these settings have overlapping notation, so we will need to use nonstandard

notation for some problems.

1. Inducibility

1.1. The inducibility of simple graphs. Fix a graph F' on k vertices and another
graph G on n > k vertices. For S C V, let G[S] be the induced subgraph of G on vertex set
S. Write Nipq(F, G) for the number of k-subsets S C V(G) such that G[S] = F and let
Nind(F7 G)

(+)

Many foundational questions in extremal graph theory deal with estimating g;,q(F, G) for

Qind(Fa G) =

various choices of F' and G.
Let Nipa(F,n) be the maximum of Nyq(F,G) over all n vertex graphs G. A standard

averaging argument implies that

Nind(F7n> Nind<F7n_
n S n—1
(%) (")

Consequently, ind(F,n) is a decreasing sequence bounded below by zero, so it has a limit.

ind(F,n) := Y = ind(F,n —1).

Define the inducibility of F' as

ind(F) := lim ind(F,n).

n—oo

The iterated balanced blow-up of a graph F is a family Gr(n) of graphs on n vertices

defined inductively as follows. Label V(F) with [k] := {1,...,k}. For n < k, the family
1



1. INDUCIBILITY 2

Gr(n) contains only the empty graph on n vertices. For n > k, for any G' € Gr(n), we have
a partition V(G) = V3 U - - UV}, with the following properties:

(1) For all i,j € [K], [|Vi| — [Vj]] < L.

(2) For all i € [k], the induced subgraph G[V;] € Gr(|V}]).

(3) For all v € V;,w € V; with i # j, we have vw € E(G) if and only if ij € E(F).
In many interesting cases, the iterated balanced blow-up achieves the inducibility of F', in
which case we call F' a fractalizer.

The famous Pippenger—Golumbic conjecture [34] is as follows.

CONJECTURE 1.1 (Pippenger-Golumbic [34]). For k > 5, the cycle Cy, is a fractalizer

and satisfies
k!
kk —k

1nd(C'k) ==

Conjecture has been resolved for k& = 5 by Balogh, Hu, Lidicky, and Pfender [2]
(see also [22]), but remains open for all £ > 6. Kral, Norin, and Volec [20] showed that
Nina(Cr,n) < 2nF/kE. More generally, Fox, Huang, and Lee [13] and Yuster [38] inde-
pendently proved that random graphs are fractalizers asymptotically almost surely. Fox,
Sauermann, and Wei [14] further proved that random Cayley graphs of abelian groups with
small number of vertices removed are almost surely fractalizers. In contrast, a recent result
of Liu, Ma, and Zhu [24], combined with prior work in [34}, [6], (5}, 26, 39], shows that Turan
graphs are not fractalizers. Their inducibility is achieved by larger Turan graphs, not the

iterated balanced blow-up.

1.2. The inducibility of rainbow graphs. We now consider these notions on colored
and directed structures. A tournament is an orientation of a complete graph. An edge-
coloring of a graph or tournament G is a function y : F(G) — T where T is a set of colors;
we say that G is T-colored. A colored graph or tournament G is rainbow if x is injective. Two
colored graphs (or tournaments) G and H are isomorphic, written G = H, if there exists a
bijection ¢ : V(G) — V(H) such that the colors (and orientations) of all edges are preserved

under ¢. If F'is a colored tournament or colored complete graph, then ind(F) is defined



1. INDUCIBILITY 3
identically as in the graph case, but with these altered definitions of graph isomorphism;
naturally, the underlying graph G should have the colors or orientations corresponding to
F. If F is an arbitrary colored graph, then we can color all missing edges with a single new
color and view F' as a colored complete graph. Consequently, we can define fractalizer for
all these structures.

There are very few results on the inducibility of colored, oriented, or directed structures.
The first exact result which involved an iterated construction was due to Huang [17] who
determined the inducibility of the directed star. Later, in order to solve an old conjecture
of Erd6s and Hajnal [11] in hypergraph Ramsey theory, Mubayi and Razborov [30] proved
the following result for k& > 4 (the case k = 3 was proven earlier by Conlon, Fox, and

Sudakov [10]).

THEOREM 1.2 (Mubayi, Razborov [30]). All rainbow tournaments R on k > 4 vertices

are fractalizers.

In this thesis, we consider the question addressed by Theorem in the undirected
setting. The first conjecture in this setting is due to Erdés and Sés from the 1970s (see [11],
Equation (20)]), and implies, in particular, that a rainbow triangle is not a fractalizer. Their
conjecture was proved by Balogh et. al. [3], who showed that a blow-up of a properly 3-edge-
colored K, (instead of a rainbow K3) achieves the inducibility of the rainbow triangle. See
also [9] for similar computations, but in terms of the number of edges of each color instead
of the number of vertices.

Huang [18] asked whether Theorem can be extended to the undirected setting for
cliques of size larger than three. This, in particular, would imply that the phenomenon
conjectured by Erdés and Sés and proved in [3] (that K} is not a fractalizer for k = 3) fails
to hold for larger k. Our first result for rainbow graphs addresses Huang’s question and

proves that rainbow K are fractalizers for k£ > 11.

THEOREM (2.2). All rainbow cliques R on k > 11 wvertices are fractalizers.



1. INDUCIBILITY 4
Our proof of Theorem [2.2] follows the broad framework of the proof of Theorem [I.2] but
there are several nontrivial technical difficulties that need to be addressed in the undirected
setting. The difficulties arise due to the following reason: the role that each endpoint of an
edge plays in a rainbow copy of a tournament is determined by the color and orientation of
the edge, but this is no longer true in the undirected setting. We overcome these obstacles
by adding some new ideas, at the expense of requiring a slightly higher value of k. For
example, our proof of Theorem requires a bound on the color degree of a vertex that was
not needed in [30].
For large values of k, we prove the following more general result which shows that the
analog of Theorem holds for much sparser graphs. The proof requires several major new

ideas.

THEOREM (12.3). There exists an absolute constant C' > 0 such that all connected rainbow

graphs R with k vertices and minimum degree at least C'log k are fractalizers.

Note that the connectedness assumption is necessary for Theorem to be true. In
Chapter [2 we prove Theorems [2.2] and [2.3] and discuss the problem when a specific coloring

is not specified.

1.3. The inducibility of oriented cycles. We now approach Conjecture from a
different direction by considering oriented cycles (with no colors). While our results are
weaker here, this setting is also much closer to that of Conjecture itself.

For an oriented graph GG, we adopt the convention that, when an edge is written uv, the
edge is oriented from u to v in G. We define an oriented cycle on k vertices, denoted 6;, as
the oriented graph with vertex set {v1, va,v3, vy, ..., v} and edge set {vyva, vovs, ..., Vgv1}.
Krél, Norin, and Volec [20] proved that Ny (Cy,n) < 2nF/k*¥. We augment their methods

5
to apply to C and obtain the following result.

THEOREM (3.1)). Let k > 4 be fized. Let G be an oriented graph with n vertices and m
edges. Then,

Nina <5k7G> < g



2. SUBGRAPH DENSITY 5

This implies that the bound in Conjecture [I.1] holds for oriented cycles whenever m <
(1+0(1))(2/k)- (3). In Chapter , we prove Theorem [3.1) and elaborate on its implications.

2. Subgraph Density

For the rest of our results, we consider subgraph density problems where we fix the
number of edges in our larger graph G. We also consider subgraphs F' of G that are not
necessarily induced.

The density or edge density of a graph G with n vertices and m edges is o(G) :=m/ (Z)
For a graph F' with & < n vertices, let N(F,G) be the number of subgraphs of G that are
isomorphic to F. We are interested in the minimum and maximum values of N(F,G) over
graphs G with a given value of o(G) as n grows. We note that N(F,G) < (n)i/| Aut(F)],
where Aut(F) is the automorphism group of F' and (n)y, is the falling factorial n(n—1) - - - (n—
k + 1). Define the (labeled) density of F' in G to be

N(F,G) - | Aut(F)|
(n)r

We note that the notation #,;(F, G) is often used for o(F, &), though it is more convenient

o(F.G) = e [0,1].

to use o(F, ) in this thesis. For some settings, we add subscripts to these notations to make
it clear what setting we are in.

The classical Kruskal-Katona theorem [19, [21] implies that the maximum density of
K, in a graph of density = is achieved asymptotically by graphs consisting of a clique and
isolated vertices. The minimum density of K, in a graph with density x was determined by
Razborov [35] for s = 3, by Nikiforov [31] for s = 4, and by Reiher [36] for all s > 4; this
is achieved by complete multipartite graphs. The exact solution for s = 3 was proven by
H. Liu, Pikhurko, and Staden [23]. We contribute to this area of research by posing these

problems in similar settings.

2.1. Edge-colored complete graphs. Our first problem is a colored generalization of
the concepts introduced by Liu, Mubayi, and Reiher in [26]. In [26], the authors consider the

region of possible asymptotic values of gj,q(F, G) for graphs G of fixed density. By coloring



2. SUBGRAPH DENSITY 6
edges in both F' and G red, and coloring edges in their complements blue, it is obvious that
counting induced subgraphs is the same as counting copies of a two-edge-colored clique in
a (larger) two-edge-colored clique using the same two colors. This leads us to consider the
maximum asymptotic density of g-edge-colored cliques in (larger) g-edge-colored cliques with
given color densities.

For 2 < s <t let K[, be the 3-colored clique on vertex set V = Vi UV, with [Vi]| = s

and |V;| =t with coloring function f defined by

)
blue if4,j € Vi,

f(ij) = green if 7,5 € V5,

red otherwise,
\

for all distinct 4,5 € [s +t] (see Figure [L.1).

FIGURE 1.1. Kj3,.

For any given blue and green densities, we find the maximum number of copies of K[
asymptotically and provide a construction that achieves it. We obtain partial results for K ;J
when s # t. This is the first nontrivial result in the edge-colored setting.

The feasible region of a simple graph F' comprises not just the maximum subgraph density
of F' in a larger graph of edge density x, but all possible subgraph densities for each z
(see [26]). In Chapter , we prove the aforementioned result on K, and extend the theory

of the feasible region to the colored setting.



2. SUBGRAPH DENSITY 7
2.2. Edge-weighted graphs. Instead of assigning colors to edges, we assign weights
in [0,1]. Let G’ be an edge-weighted graph on vertex set V' and edge set (‘;/) with weight

function w : (Vl) — [0, 1]. Then we define

N, (F,G) := Z H w(e)

Acv, Bc(Y)) ¢€B
(A,B)~F

the total F-weight of G'. Note that, if w maps instead to just {0, 1}, then N, (F,G") corre-
sponds exactly to N(F,G) when G is the simple graph on V' with all edges of weight 1 in
G'. For a graph GG, we often use m to denote the number of edges. For a weighted graph G’,
we will use m to refer to the total weight of the edges, i.e. m = Zee(‘;/> w(e).

The Kruskal-Katona theorem [19, 2] implies that the most copies of K} in a graph
G on m edges are achieved when G is also a clique. The following result shows that the

Kj-weight cannot increase by more than O (nk_z) when allowing edge-weights.
THEOREM (5.1)). Let k > 3. Let G’ be a [0, 1]-edge-weighted graph on n > 3 vertices. Set
m = Z w(e)
e€E(G")

Then there ezists an n-vertex (un-weighted) graph G with m edges such that

2
! o < . k—2

when k > 4 and

Nw(K3, G/) - N(Kg, G) < 2n.

In Chapter [5| we prove Theorem and compare the Kj-weight of both edge-weighted

and non-edge-weighted constructions.

2.3. Maximum star densities. Let Sy denote the k-edge star. Ahlswede and Ka-
tona [1] determined the maximum number of Sy’s in a graph with density . Reiher and
Wagner [37] claim to prove that the asymptotic maximum value of N(Sk,G) when G has

density v is achieved by a clique and isolated vertices or its complement, called an anticlique.



2. SUBGRAPH DENSITY 8

Clearly N(Sk, G) = > ev(q) (d(k”)) and o(Sk, G) = N(Sk, G) - k!/(n)g41. For v € [0, 1], let

veV
I(Sk, ) := sup lim o(Sk, Gn)

over all sequences of graphs (G,), with |V(G,)| — oo, 0(G,) — v and for which
limy, o0 0(Sk, Gp) exists. For each v € [0,1], let n = 1 — /T—~. Then ~**1)/2 and
n + (1 — n)n* are the asymptotic Si-densities in a clique with isolated vertices and the

complement of a clique with isolated vertices, both with density v. Consequently,
I(Sk, ) = max{y* V2 5+ (1 —n)y*}.

Reiher and Wagner [37] proved matching upper bounds on I(Sk,~y). Their results are stated
(and proved) using the language of graphons, which are limit object of graphs (see Lovész [27]
for background on graphons).

In Chapter [6], we correct an error in their proof. We also consider the problem of maxi-
mizing the sum of the number of copies of Sj, in a graph G and its complement G. We prove
that this sum is also maximized by the clique or the anticlique asymptotically for k = 2
and k = 3. This proof makes use of a result on the induced density of triangles and their

complement from [26] combining results from [15], B3].

2.4. Ordered graphs. We consider the subgraph density of stars in the setting of
ordered graphs and prove the first nontrivial results on S, whose vertices have a particular
order. An ordered graph G = (V, E) is a graph with a total order on V. We usually let
V = [n] := {1,...,n} with the natural ordering. When we refer to an edge ij in E, it is
implied that {i,7} € E and i < j. Let F be an ordered graph on [s]. Let Nyq(F,G) be
the number of {vy,...,v,} C [n] with v; < vy < -+ < vy such that vv; € E(Glvy, ..., v,))
whenever ij € E(F). We consider Nyq(F,G) in the case that F' is an appropriate ordered
Sk

Let Si(k) be the ordered star on k edges where the node is the smallest vertex. Let Sgr(k)

be the ordered star where the node is the greatest vertex. The number of copies of these stars
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is maximized or minimized by an ordered analog of the anticlique. Recall that the anticlique
also maximizes the number of stars in simple graphs of certain edge density as claimed in [37]
and fully proven in Chapter |§| Let Sp(n,m) be the anticlique on n vertices and m edges
where vertices are ordered by descending degree, and let Sp(n,m) be the anticlique on n
vertices and m edges where the vertices are ordered by ascending degree. (See Chapter (7| for

the more technical definition.) Then, we have the following main theorem.

THEOREM (7.2)). Let G be an ordered graph with vertex set [n] and m edges. Then
Nord<SL<k)7 SR(TZ, m)) S Nord(SL<k)7 G) S Nord(SL(k)a SL(”? m))

Theorem is proven in Chapter [7] We also discuss some ordered stars with a node
that is neither smallest nor largest among the other vertices, as well as all ordered graphs
on three vertices. Addressing one of these graphs, we make use of Razborov’s result on the

minimum triangle density in graphs [35] (see also [28], 15, [29] [32], 4, 16, 12]).



CHAPTER 2

Inducibility of rainbow graphs

This chapter is based on joint work with Clayton Mizgerd and Dhruv Mubayi in [T], published

in the Mathematical Proceedings of the Cambridge Philosophical Society.

1. Background and results

Let R be a graph on k vertices. We now formally define what it means for a graph R to be
a fractalizer (our definition is slightly different than that in [22]). Note that, per discussion
in Subsection of Chapter [I], this definition applies whether or not R is edge-colored.

DEFINITION 2.1. A graph R is a fractalizer if

ind(R) = lim max oma(R,G).

n—00 GEGR(n)

In other words, the iterated balanced blow-up of R achieves the inducibility.

Let G € Ggr(n) be an iterated balanced blow-up of R with vertex partition V(G) =
ViU---UVi. The subgraph induced by every k-set comprising exactly one vertex in each V;
is isomorphic to R. Consequently, for every G € Gg(n),

k k
Nina(R,G) > Z Nina(R, G[Vi]) + H \Vil.
i=1

i=1

Together with a standard computation (see, e.g. [30]), this yields

ind(R) > lim max gn(R,G) >

n—o00 GEGr(n)

ra— (1)

In most cases we consider, the fact that R is a fractalizer will imply further that ind(R) =

k!'/(k* — k). In particular, Theorem implies that ind(R) = k!/(k* — k) when R is a
10



1. BACKGROUND AND RESULTS 11
rainbow tournament on k > 4 vertices. However, K} is a fractalizer with ind(Kj) = 1, so
this implication does not always hold.

We now state our main results in full.

THEOREM 2.2. All rainbow cliques R on k > 11 wvertices are fractalizers. In particular,

k!
ke —k

ind(R) =

We make the following observations regarding Theorem [2.2]

e Theorem implies Theorem for k > 11, since any construction of a tour-
nament inducing ¢ rainbow copies of R yields a corresponding construction of a
complete graph that induces at least ¢ rainbow (undirected) copies of R by ignoring
orientations.

e Similarly, if a graph G on k vertices is known to have inducibility k!/(k* — k), then
the rainbow k-clique is a fractalizer as well by the following argument. Let R be a
rainbow k-clique and let e, ea,..., e, € E(R) such that (V(R),{e1,...,en}) is a
rainbow copy of G. Let ¢y, ..., ¢, be the colors assigned to eq,...,e,,, respectively.
Then any construction of an edge-colored graph inducing ¢ rainbow copies of R
induces at least ¢ copies of G by deleting all edges except those colored by ¢y, ..., ¢
and then ignoring the edge colors. It follows that ind(R) < ind(G) = k!/(k*F — k),
so R is a fractalizer. Thus, the result of [2] that C5 is a fractalizer with ind(C5) =
5!/(5° — 5) implies that the rainbow 5-clique is a fractalizer, and the result of [13]
that random graphs are almost surely fractalizers implies that the rainbow k-clique
is a fractalizer for large k.

e We believe our proof of Theorem has been optimized and requires k > 11. As [2]
showed that rainbow 5-cliques are fractalizers, and [3] showed that rainbow 3-cliques
are not fractalizers, it remains open to determine whether rainbow kg-cliques are

fractalizers only for kg € {4,6,7,8,9,10}.

We now lift the requirement that R be a clique and obtain the following result.
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THEOREM 2.3. There exists an absolute constant C' > 0 such that all connected rainbow

graphs R with k vertices and minimum degree at least C'log k are fractalizers and satisfy

ind(R) = T

We make the following observations regarding Theorem [2.3]

e Theorem [2.3] implies Theorem for large k, since R may be viewed as a rainbow
k-clique with edges deleted. Let ¢y, co, ..., ¢, be the colors assigned to the deleted
edges. Any construction of a colored complete graph inducing ¢ rainbow copies of
the rainbow k-clique yields at least ¢ rainbow copies of R by deleting edges colored
Clye vy Cme

e The requirement that R is connected in the statement of Theorem is necessary,
as disconnected rainbow graphs without isolated vertices are not fractalizers (see
Section .

e We are not able to show that our requirement on minimum degree is tight, and this

remains open.

Theorem [2.2]is proven in Section [2] and Theorem [2.3]is proven in Section 3] We conclude
the chapter with two shorter sections on related problems. Section |4 explains why R must
be connected in Theorem [2.3] while Section [f] discusses the corresponding problem for the
collection of all rainbow colorings as both Theorems and assume a specific rainbow

coloring.

2. Rainbow cliques
We give the proof of Theorem [2.2]in the following subsections.

2.1. Setup. Fix £k > 11 and T = ([]2“]). Let R be a T-colored rainbow k-clique with

coloring function xgr and for concreteness, put V(R) := [k] and xg(ij) = {i,j} for all
i,j € [k].
Set
k!
a:=
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Our goal is to prove that ind(R) < a. To this end, fix v > 0 and assume for contradiction
ind(R) = a + . Next choose 0 < ¢ < min{v,ind(R)}/100. Let ¢y be chosen so that
ind(R,n) < ind(R) + ¢ for all n > ¢y. Choose M > [2klcg/e] such that

%<1+5 (2)

nk=1 n—1 _ n—1 n—2 )
a —_— —
k-1 \k-1 k-1 k-2
for allm > M. This is possible since lim,,_yo, ¥ /(n)x = L and n*~1/(k—1)1—(7~]) = O(n*2),

and

while 'y(Zj) — (Z:g) =Q (nk_l) as n — oo. Suppose that n > M is given and H is a T-

colored n-vertex graph with coloring function y g achieving Njq(R,n). This implies
Nua(R, H) = Nina(R, n) = ind(R, n) (Z)
where a + v =ind(R) < ind(R,n) <ind(R)+ec=a+ 7 +e¢.

DEFINITION 2.4. For ¢ > 0 and ¢ > 0, let p(¢q,t) be the maximum of [[, ¢, where

¢ + -+ ¢ = q and each ¢; > 0 an integer.

The AM-GM inequality yields p(q,t) < (¢/t)" and it is straightforward to see that

(g, t)p(d,t') <plg+4¢,t+1t) (4)

for all ¢,¢' > 0 and ¢,¢ > 0 (see Appendix).

For a vertex z in V(H) and ¢ € [k], write d;(x) for the number of copies of R containing
x where x plays the role of vertex ¢ in R. More formally, d;(x) is the number of isomorphic
embeddings ¢ : R — H such that ¢(i) = x. Let d(z) = ), d;(x) be the number of copies
of R containing . We will refer to this as the degree of x in H. Similarly, let d(z,y) be
the number of copies of R containing both = and y. For i € [k], let N;(z) be the set of
y € V(H) \ {x} for which there is a copy of R in H containing both x and y in which x
plays the role of vertex 7 in R. Note that we do not have N;(xz) N Ny (x) = 0 for j # j/, but

all edges between N;(x) N Nj(x) and z have the same color {j,j'}. However, N;(z) has a
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(unique) partition Uj; N7 (z) where N/ (x) comprises those y such that z,y lie in a copy of
R with z playing the role of © and y playing the role of j. Indeed, the partition is obtained

based on the color of a vertex to x. This gives

k k k
de) =Y di(@) <Y ]IV (@) < ZP(|NZ-($)|J€ - 1). ()

i=1 i=1 ji

We partition V(H) into V4 U - - - U Vi, where
Vi={x € V(H) : IN;(z)| > |N;(x)] for all j # i}.
If there is a tie, we break it arbitrarily. Set n; = |V;| for all ¢ € [k].

2.2. Minimum degree. Here we show that a standard technique in extremal graph
theory can be used to prove that each vertex of H lies in at least the average number of

copies of R (apart from a small error term).
LEMMA 2.5. d(z) > an*1/(k —1)! for all x € V(H).

PrROOF. We write d = b + ¢ for the inequalities b — ¢ < d < b+ ¢. Denote the average
degree of H by

agry = B N H) R ) (Z - 1)

n

We claim that for every x € V(H)

d(z) = d(H) + (Z - ;) | (6)

This follows from a standard application of Zykov symmetrization. Indeed, if the degrees
of two vertices x and y differ by more than (Z:§)7 say d(x) > d(y) + (Z:g), then we can
delete y and duplicate z, meaning we add a new vertex z’ with xg(2'2) = xm(zz) for all
other vertices z, and x g (x2’) can be arbitrary. This transformation increases the number of
copies of R by at least

i) = d) = dte) > ) — ()~ (7 3) > .
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contradicting the maximality Ni,q(R, H) = Nja(R,n). Hence all degrees lie in an interval

n—2

of length at most (kfz

) and @ follows, since this interval must contain d(H). In particular,

the minimum degree is at least

d(H) — (::;) = ind(R, n) (Z:D - <Z:§>

It follows from that

ind(R, n) (Z:D - <Z:§) > (a+7) (Z:i) - (Z:;) - “(kn:)g

for n > M, completing the proof. 0

2.3. Maximum color degree. Let

max, i ; dg; 1 ()

o =
n

where the maximum is taken over all vertices x € V/(H) and all colors {7, j} € T and dy; ;3 ()

is the number of edges in H incident with x in color {i,j}. We upper bound this value.
LEMMA 2.6. o < 0.4.

PROOF. Let z,i,j achieve this maximum, so that dy; ;1(x) = an. Then |N/(z)| < an
and N;(z) has a partition N/(x)JUs; Nf(x) where every copy of R containing = with z

playing the role of i has exactly one vertex in each N/(z) for all £ € [k] \ {i}. Further,

UM (@)

(]

S n — d{w}(x)

since a vertex incident to an edge colored {7, j} cannot play the role of £ # i, j. Consequently,
j (1—a)n\*?

The same upper bound holds for d;(x). For ¢ € {i,j}, we have Ny(x) < n — dy ;1 () since x

is playing the role of ¢, so we cannot include an edge incident to z of color {i,j} since the



2. RAINBOW CLIQUES 16

color must include ¢. Hence

o) <o (a1 < () (Cmmy

Altogether this yields

cﬂx)§§2a7z(E%iiggﬂ)k_2—k(k——2)(E%giggﬁ)k_lzzﬂg+(w (2j:§)k_2nﬁ—¥

Suppose for contradiction that o > 0.4. Since k > 3, (1 + a)(1 — a)¥~2 is a decreasing

function of a for a € (0.4, 1], and d(z) > an*~!/(k — 1)! by Lemma [2.5. Therefore

1 a d(z) 0.6 \"
= < <1. —_— .
kb1 -1 (k—U!_nF1_14<k—2) (7)

However, this fails to hold for k& > 11 (see Appendix), and we conclude that « < 0.4 as

desired. O

2.4. The second largest neighborhood. For a vertex z € V(H), let Z(x) be the
second largest set in {Ny(z),..., Nx(z)} and define

12
= Zgp = INax
x€V(H) n

LEMMA 2.7. z < 0.5.

PROOF. Let x be such that z = |Z(z)|/n. Let a; = |N;(z)|/n and assume by relabeling
that a1 > as = 2z > a3 > -+ > ay. Since N;(z) N Ny (x) N Nju(x) = () for any three distinct
J.7', 7" we have > a; < 2. Let ag+ -+ ar = s < 2— (a1 + 2). Write s = ¢z + r where
q€Zand 0<r <z Ifz <y, then 2" 1+t < (z—p)f 1+ (y+p)ktfor0<p<aby

k—1

convexity of 2" so successively increasing the largest a; to z and decreasing the smallest

a; to 0 or r, we obtain

k
_ _ _ _ T S 2— (a1 +2) ,._
Zaflngk1_|_Tk1§qzk1_|__zk1:_zk;1< (a1 )Zkl.
z z z
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Consequently,
k k
_ _ _ _ 2—(a1+2) ,_
Zakl—% +Zk1+za§1§alf1+zk1+ ( )Zkl_

s : z
i=1 1=3

Since a; > z, taking the derivative shows that for any z, this expression is increasing with

a;. Using Lemma we note that a; + 2z <1+ a < 1.4 since
(Ni(2)| +[Z(z)| = [Ni(z) U Z(2)| + [Ni(z) N Z(2)| < n+ dpay(z)

where dg21(z) < an <0.4-n. Thus a; < 1.4 —zand a; <1, so

k

2 —
E af Tt <ahTt A Mzk_l <min{1.4 — z, 1}F71 4 271 4
z
1=1

0.6
ety
z
Using and Lemma yields

1 d(x) i a
-1 _ < k1 SZ(k_

i=1

k-t - min{1.4 — z, 1}F=1 4 k=1 4 O—fzk_l
- (k —1)k1 ’

Multiplying by (k — 1)*~! and using the fact that

e A=Y (CE N g

for k£ > 1, we obtain
1
— < (min{1.4 — 2, 1)+ 2 106 22 9)
e

As z < a; and z+ a; < 1.4, we have z < 0.7. Thus, the right side of @ is nonincreasing
with & and we may consider only the £ = 11 case. Numerical calculations show that for

€ [0.5,0.7], we have (1.4 — 2)'% + 210+ 0.62% < 1/e, so we conclude that z < 0.5. O

2.5. One large part. We now take care of the situation when one of the V;’s is very

large.

LEMMA 2.8. |V;| < (1 —1/3k)n for all i € [K].
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PROOF. By contradiction, Assume without loss of generality that |V;| > (1 — 1/3k)n. If
x € Vi, then |Ny(x)| > |N;(z)| for all i > 1 so |[No(z)| < |Z(z)| < zn. Using (5)) we have

n
a<k> < Nia(R, H) EVZ(H da(w) < [Valp(en, k= 1) + grp(n, k= 1)

and we further see that

1 nk
. o Ic 1

Using our lower bound on M in , we get

(C)maleg)

This fails to hold for £ > 11 (see Appendix). We conclude that |V;| < (1 — 1/3k)n for all
i € [k]. O

2.6. Counting the copies of R in H. Here we describe the broad framework we will
use to count copies of R in H. This is the same as in [30], though there are subtle differences
which arise since we are in the undirected setting.

Call a copy f of R in H transversal if it includes exactly one vertex in V; for all ¢ € [k].
We partition the copies of R in H as H,,, U H,U H, where H,, comprises those copies that lie
entirely inside some V;, H, comprises those copies that intersect every V; whose edge coloring
coincides with the natural one given by the vertex partition (meaning the map from R to
H takes vertex 7 to a vertex in V;), and H, comprises all other copies of R (including those
transversal copies where some vertex is in an inappropriate V;). Let h,, = |H,,|, hy = |Hy|
and hy, = |H,| so that

Nina(R, H) = hp, + hy + hp.

We will bound each of these three terms separately. First, note that

Zde (R, H[V}]) < Zde (R, n;). (11)
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Next we turn to hy. Let D denote the number of k-sets that intersect each V; but are not
counted by h,. So a k-set counted by D either does not form a copy of R, or forms a copy of

R but its edge coloring does not coincide with the natural one given by the vertex partition

Viu...UV,. Then
hg=]]ni—D (12)
and we need to bound D from below.

Note that the color of some pair in every member of D does not align with the implicit
one given by our partition. With this in mind, let D;; be the set of pairs of vertices {v;,v;}
where v; € V;,v; € V}, i # j such that xpu(viv;) # xr(ij) = {i,j}. Let &; = [Dyl/(3),
D = U;;D;; and 6 = |D|/ (Z) Let us lower bound D by counting the misaligned pairs from
D and then choosing the remaining k£ — 2 vertices, one from each of the remaining parts V.
This gives, for each i < j,

n n Hleczl Ny
D > |D;j| HAW = 0; <2> HAW = 0; <2> Tng
04415 L#i,5
Since ), 6i (5) = > i1 Dijl = |D| = 4(3), we obtain by summing over i, j,
L
D <1<§<k nmj) > 5(2) Zl;[lng.

This with along with gives

k n o 5(;) = : n —L
el E<1 Z) -1l ‘(1 B <";>>' 1

Our next task is to upper bound hy. For a vertex x and j € [k], recall that N;(z) C V(H)

is the set of y such that z,y lie in a copy of R with x playing the role of vertex j in R. Let
us enumerate the set J of tuples (v, w, f) where e = {v,w} € D, f € Hy, e C f, and v € V},
but i ¢ xy(vw). This means that v must play the role of ¢/ in f for some ' # i, so the colors
on all k — 1 pairs (v,z) with = € f contain 4’; in particular v is incident to k — 2 pairs in
f whose color does not contain i. If v € V; and w € V}, then say that (v,w, f) is 1-sided if

Ixz(vw) N {i,j}| =1 and (v,w, f) is 2-sided if |xg(vw) N {7, j}| = 0.
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Let J; be the set of i-sided tuples (i = 1,2). We consider the weighted sum

Observe that each f € H, contains at least k — 2 pairs from D. Indeed, if f is transversal,
then it must contain a miscolored vertex which yields at least k — 2 pairs from D in f. If f
is not transversal, choose j € [k| such that |f N V| is largest. Set C := f N V; and observe
that at least |C| — 1 of the vertices in C are miscolored. Also, note that 2 < |C| < k — 1 since
f is not contained in one color class and we have assumed f is not transversal.

If exactly |C|—1 vertices in C are miscolored, then every edge vw where v € C is miscolored
and w € f\ Cisin D. Since |f \ C| = k — |C|, this yields at least (|C| — 1)(k —|C|) >k —2
pairs from D in f. On the other hand, if all |C| vertices in C are miscolored, then there is
a unique vertex u € f\ C that plays the role of j in f. Every edge vw where v € C and
we f\(CUu)isin D, so if |C| < k — 2, this yields at least |C|(k — |C| — 1) > k — 2 pairs
from D in f. If |C| = k — 1, then f = C Uwu where u plays vertex j in f but is in a different
color class, say the color class corresponding to color /. There are k — 1 edges between C
and u, but only one can contain both k and ¢, so at least k — 2 edges from D are in f.

We conclude that each f € H, contributes at least 2(k — 2) to S since f contains at least
k—2 pairs e = {v,w} € D and if (v, w, f) is 1-sided it contributes 2 to S while if it is 2-sided
then it contributes 2 again since both (v, w, f) and (w, v, f) are counted with coefficient 1.
This yields

S > 2(k —2)hy. (14)

On the other hand, we can bound S from above by first choosing e € D and then f € H, as
follows. Call v € e = {v,w} € D correct in e if v € V;, and i € yg(vw); if v is not correct
in e then i € yy(vw) and say that v is wrong in e. The definition of D implies that every

e € D has at least one wrong vertex in e (and possibly two wrong vertices). Let

D; = {{v,w} € D : {v,w} contains exactly i wrong vertices} (1=1,2).
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The crucial observation is that
(v,w, f) € J; = {v,w} € D, (1=1,2). (15)

To bound S from above, we use and consider first J; and D;. We start by choosing vw
in Dy with wrong vertex v. Note that w is correct in vw since vw € D;. Let v € Vj,w € V}.
Then y g (vw) = {7, ¢} for some ¢ # i since v is wrong in e but w is correct in e. Thus for each
triple (v, w, f) € Jp, vertex v plays the role of j in f or v plays the role of ¢ in f; thus the
total number of (v, w, f) € J; for some f is at most p(|N;(v)|—1,k—2)+p(|Ne(v)| =1, k—2).
Summing over all vw € Dy, we get

A< S N )] — 1k = 2) + p(INe(w)] — Lk — 2) < 2Dy [p(zn, k - 2).

vweDy

The bound for J; is similar. Choose vw € Dy with v € V;,w € V;. Let xg(vw) = {{1, {2}
where {{1,02} N {i,j} = 0. Since vw is two-sided, we see that (v,w, f) € J, exactly when

(w,v, f) € Jo. Consequently,

[ Ta) < > p(INg ()] = 1,k = 2) + p(|Ney (v)] = 1,k — 2)
vwe Do
+ p(INey (w)| = 1,k = 2) + p(|Ne, ()| — 1,k — 2)
< 4| Dslp(zn, k — 2).

This gives

k—2
S:2|J1\+|J2|§4!D\p(zn,k—2)§45<g)< : ) nk=2. (16)

Finally, and give

< < 2 k—2.
hb_Q(k:—Q)_k:—Q(k:—2) " 17)
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Using , and we have that
0(3) 20(3) (= \"7 i
Nina(R,n) < Z:Nind(Ra n;) + 1;[7% (1 NOEY (n)) += (k — 2) n"72. (18)

2 2

Our final task is to upper bound the right side of .

Since 6(3) < D iy TNy = (5) = > (%), wehave 6 € I = [0,1 =%, (%)/(5)]. Viewing
as a linear function of ¢, it suffices to check the endpoints of I.

2.7. The extremal case.
CLAM 2.9. If § =0, then ind(R) < a
Proor. If § = 0, then implies that
Nina(R,n) < Z Nina(R, ;) + H n;. (19)

Let p; := n;/n. Using max; p; < 1 —1/3k by Lemma , the convexity of 2%, and k > 11

we obtain
1\"” 1\"
§ :pl < (1 — —) + (§) <e V343371 <0.72. (20)

We begin by boundlng the summation in ((19). By relabeling if necessary, let n; < --- <

ng < cop < ngpp < -+ < ng where £ > 0. We have that

ide(R,ni) < g(?) + i Nina(R, 1) gz(cko) + (ind(R) + ¢) i (2) (21)

i=1 i=0+1 i=t+1

Observe that (') = (") < p¥(}) since p; < 1. Dividing by () yields

Mw

Nia(R,n;) < ¢ )) + (ind(R) + ¢) Z pr. (22)

n
k i=0+1

=1

Suppose ¢ > 1. Using our bounds on € and M along with , we can further bound

k
Nina(R,n;) </ )) + (ind(R) +¢) Z p¥ < 0.74ind(R) (23)
=1 i=0+1

M»

n
k
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and bound the product term

2k!c

k—1 0

T | | < <e€
k‘ n

=1

This yields ind(R,n) < 0.74ind(R) + ¢ < ind(R), a contradiction. Thus ¢ = 0, so using
we may rewrite as

ind(R,n) < (ind(R) + ¢ Zpl + T l—InZ (24)

[solating the product term and recalling the definition of a, as well as our lower bound

on M,
k
%Hni_ Hp,,_a—l—g — 0 [
k/ i=1 i

Plugging this into and recalling ind(R) = a + 7,

ind(R,n) < (a+¢) (sz H )+72p2 <(a+¢)+0.72y.

=1

The first bound Y pF + (k¥ — k) []pi < 1 is well-known (see, e.g. [30, Equation (17)])

and the second bound comes from . This gives the contradiction
a+vy=ind(R) <ind(R,n) <a+0.72y +¢
since £ < 7/100. O
2.8. The absurd case. Now, we consider the other endpoint of I.
Cramv 2.10. If 6 =1-3,(%)/(5), then ind(R) < a.

2

ProoF. If 6 =13, (%)/(5), then implies that

k k—2
Z 2 i z _
=1
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We first bound the second term. Dividing by (Z) and again letting p; = n;/n, we

reorganize

2 > nn, z \"? b2 K —k n* k—2
= . —9. . . D )
() k=2 () RSN PV

i#]

Observe that (k=1 — 1)/(k — 2)k~1 decreases to €?. In particular, for k& > 11, we have
(K* = k)/(k = 2)*' < 7.5k. For n > M, we have n*/(n)y < 1+¢. Finally, Y pip; =
(1—=>"p3)/2<(1—1/k)/2 as > p? is minimized when p; = 1/k for all i. Thus

2 Yomn; (= \7 F=2 < 75(1 4 &) (k — 1)z 2a < 0.25
- n . 9 — z a .200
N k-2 \k—2 =

for k > 11 as (k — 1)2F=2 is decreasing in k and (11 — 1)2172 < 10279 < 1/50. Using this
and in (25), and a < ind(R) gives

ind(R,n) <0.74 ind(R) + 0.25a < 0.99 ind(R).

This contradiction completes the proof of the claim and the theorem. O

3. Connected rainbow graphs

We give the proof of Theorem in the following subsections.

3.1. Setup. Fix k and R = ([k], E) a rainbow colored graph with minimum degree at
least n(k — 1) where n > C'logk/(k — 1). We may assume that k is sufficiently large by
making C sufficiently large so that the theorem is vacuous for small k. In particular, we will
assume k£ > 11 so that we may use the same bounds as the previous section. It is notationally
convenient to set T'= E U {(} and view R as a T-colored complete graph ([k], ([g])) with
coloring function x g defined as follows:

{i,j} ek

Xr(ij) =
0 ij & E.
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Our goal is to prove that ind(R) < a. To this end, fix v > 0 and assume for contradiction
ind(R) = a + 7. Next choose ¢, ¢y, M as in Section [2.1]

Suppose that n > M is given and H is a T-colored n-vertex graph with coloring function

xu achieving Nijyq(R,n). This implies

Nina (R, H) = Nipa(R, 1) = ind(R, n) (Z)

where a +v = ind(R) <ind(R,n) <ind(R)+ec=a+y+¢.

Let di(x), d(x), d(z,y), dg 3 (x), Ni(z), and N/ (x) be defined as in Section . Note that
we do not have that all vertices in N;(x) N Ny (x) for j # j' have the same color to x as it
may be the case that xg(zy) = 0 and xu(zy") = {j,7'} for distinct y,y € N;(z) N Ny (x).
We also do not have that U, N/ () is a partition of N;(x) as it may be the case that
y e N/ (z)n Nij/(x) for some j # j' satisfying xr(ij) = xr(ij’) = 0 and y € V(H) satisfying
Xz (zy) = 0. Thus we must develop new techniques to prove a version of (5)) from Section
to obtain bounds on d;(x). This is the content of Section [3.2]

As in Section , we partition V(H) into V3 U --- U Vi, n; = |Vi|, where

Vi={x € V(H) : |N;(z)| > |N;j(x)] for all j # i}.

If there is a tie, we break it arbitrarily.

3.2. Partitioning argument. Let the distance between two vertices v and w in a graph
G, denoted distg (v, w), be the number of edges in the shortest path between v and w in G.
In our setting, a path cannot use an edge e with y(e) = (). Then, define

eq(v) :== wrerl‘/gwu(}é) distg(v, w),

the eccentricity of v in G and diam(G) = max,cy () €¢(v) the diameter of G. For convenience,

let €(i) := eg(i) for all i € [k].
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Let B(x) be the set of neighbors of x in H. For r € N, let k(i) be the number of vertices
in R at distance 7 from i. Recall that dy; ;;(z) is the number of edges in H incident with x

in color {i,j}.
LEMMA 2.11. Leti,j € [k] with {i,j} € T and x € V(H). Then

|31(<92|>’“(” (%)kmm

(a) diz) < (

=~

_ o ( k-2
(¢) di(x) < dg; 3y () - (%”2}()) .

Further, the number of copies of R in H containing vertices x,y € V(H) such that x € V(H)

plays the role of vertex i € [k] in R is at most

(2

PrROOF. We start by proving the three upper bounds on d;(z). To count the number of

copies of R in H where x plays the role of i, we will recursively partition N;(z). First, we
pick ki (z) vertices from B(z) N N;(z) C V(H) to play the role of the vertices adjacent to i
in R. Notice that we may partition B(xz) N N;(z) into k1 (i) parts based on the color of each
vertex to x as it uniquely determines its possible role in a copy of R. Set B := B(x) N N;(x).
We now recursively define B, for all r € [e(i)]. Let 2 <r < €(1), let m := ky(¢)+- - -+ k,—1(7),
and suppose that we have chosen yi1, 4, ...,y € V(H) to play the roles of all vertices at
distance r — 1 or less from ¢ in R, where y1,...,yx,_, () play the roles of vertices at distance

exactly r — 1 from . Then

Br = BT(ZE, B17 BQ, ey BT_17 Y1y 7ykr—1(i))

=N;i(z) N (B(y1) U+~ UB(y,_,»))) \ (xUB U---UB,_1).

Here, B, is the set of vertices in H that can play the role of vertices at distance r from ¢ in

R, given that we have already selected all vertices at distance at most r — 1 from .
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Note that by definition, B, N By = @ for all r,¢ € [e(:)] and |J B, C N;(z). For the
remainder of the proof, we write k,. := k,(i) for all r € [e(i)] for convenience.

Each vertex v € B, has an edge to at least one of y1,...,yx._,. The color of this edge
uniquely determines the role that v may play in a copy of R, so this allows us to uniquely
partition B, into k, parts. We note that it may be the case that v cannot legally play any
role, but that only decreases the number of possible copies of R, so we may assume that this
does not occur. Let P, := P(B,,k,) be the set of tuples ¥ € B* with one vertex from each
part of B,, so

P < p(I1B, ], k).

This gives

d(@)< > - Y p(IBaol ko)

NEPL  Je(i)—1€Pe(i)—1

e(i)—1
<Y Y p|IN@I= Y 1Bk
neP Ye(i)—1€Pe(i)-1 r=1

Using (4)) from Section [2.1] we see that

e(i)—1
Z p | [Ni(z)| — Z |Br|vk5(i)

Ye(i)—1€Peiy—1 r=1

e(i)—1
<p (IBegiyals kewya) - | INi(@)[ = D 1Byl kegi
r=1

e(i)—2
<p ([ INi(@) = > Bl keiy1 (i) + ki)
r=1
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28
Using Z;(:i)l k. =k — 1, we obtain
€(1)—2
di(z) < Z Z p | [Ni(z)] — Z | B, ke(iy—1 + ki)
J1€P Fe(i)—2€Pe(i)—2 r=1
e(i)—2 €(i)—2
J1eP; Ye(i)—2€Pe(i)—2 r=1 r=1
Continuing this process, we obtain, for each 1 < ¢ <€(i) — 1,
¢ ¢
JCED Wt SH (LTI SIHIERED o1
y1€Py YeEPy r=1 r=1
When ¢ = 1 this becomes
di(z) < > p(INi(@)| = |Bil, k= 1= k) (26)

y1€P

< p(1Bil, k1) - p (INi(@)| = [Bi], k = by = 1)
As |B(z)| > |B;| and n — |B(x)| > |N;(x)| — | By| for all i € [k] by definition,

PBi1, k) - p(N:(@)| = [ Bil, b — by — 1) < ('Bm')kl (= 'B(”')k_kl_l,

ky k—Fk —1

so (a) holds. Alternatively, (4 also yields

PUBG)] k) - (IN(@)| = [ B)] k= b = 1) < p(Ni@)]. k= 1) < (%ﬁ)’) -

so (b) holds.

For (c), let j € [k] such that ij € E. We bound d;(z) as before, but we choose the vertex
y that plays role j separately. We see that

|\Pr| < dgijy(x) - p(|Bi| — dyijy (), by — 1).
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This combined with and gives

di(x) < Y p(INi(@)| = |Bi|, k =k — 1)

neEP

< dgn(x) - p(|Br| — dpijy(w), k= 1) - p(|Ni(x)| — | Bl b — k1 — 1)

< dgjy(@) - p(n — dg jy(2), k — 2)
n —dg. () k=2
S d{m’}(x) . <%) .

It remains to prove the last sentence of the lemma. We proceed as before except that, for
¢ € [e(i)] such that y € By, we require that y is chosen. This means that instead of choosing
k(i) vertices from By, we only need to choose k(i) — 1 vertices from B, as we have already

chosen y. Following the same procedure as before, we see that

/41 /41
di(x) < Y > p(IB ke —1)-p <|Ni<x>| D B, (k—1) = Zkr)

y1€P YeE€Pe r=1

< Z Zp<\Ni(x)|—i|BT|,(k—2)—Z/{;T>

neEP Je€P, r=1 r=1

< 3 p(N@)| ~ [Bilk —2— k)

EPL

< p(|Bil, kr) - p(INi(2)| = [Bi], kb = 2 — ka)

< p(INi(2)], k —2)

This completes the proof. O

3.3. Minimum degree. As in Section we wish to show that each vertex of H lies

in approximately the average number of copies of R.

LEMMA 2.12. d(x) > an* 1 /(k —1)! for allx € V(H).
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This follows from an identical Zykov symmetrization argument as used in the proof of

Lemmal[2.5] Note that we have assumed the same inequalities for M as we did in Section [2.1]

3.4. Maximum color and non-edge degrees. The following two claims are used in
the proof of Lemma to bound the size of the second largest neighborhood.
Let

maxy ;i de; (T
o= 30, {7]}( )

n
where the maximum is taken over all vertices © € V/(H) and all colors {i, 5} € T. We upper

bound this value.
CLAM 2.13. o < n/4.

PROOF. Let z achieve this maximum, so that dy ;3(x) = an for some {i,j} € T. By

Lemma [2.11)(c) and a < 1, we get

max{d;(z),d;(z)} < an (%) - < nkt CC:C;)]CZ .

For any other vertex ¢ # i, j, we have |N,(x)| < (1 — a)n, since ¢ is adjacent to no edges

of color {7,j} in R. Thus by Lemma [2.11{b), we get

o< ()7 () e (3)

The last inequality comes as decreasing the denominator increases the fraction, and the base

is less than 1, so decreasing the exponent increases the result. Summing over all indices in

[k] and using Lemma [2.12 we get

1 a d(x) 1—a\"
= < < .
[ (k—l)!_nkl_k( )

Rearranging yields

We see that
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SO

62—1]{;2 < (1 —a)f? <exp(—(k —2)a).

Assume for contradiction that o > n/4 > C'logk/(4(k — 1)). Then

1 —C(1-1/(k—1))/4 —0.9C/4
% <k <k ,
since k > 11. For C' > 10, this gives a contradiction for sufficiently large k. O
Let
max, dg(x
5 max, do(o)
n

where the maximum is taken over all vertices z € V(H) and dy(z) is the number of edges in
H incident with x in color () (non-edges). Note that we may assume that R has at least one
non-edge, since otherwise the proof from Section [2| suffices. Thus we may also assume that

H has at least one non-edge, so f > 0. We upper bound S.
Cramm 2.14. <1 —n/2.

PROOF. Assume for contradiction that 5 > 1—n/2. Let x achieve this maximum so that

dyp(x) = Bn. This implies that B(z) = (1 — 8)n. For any i € V(R), Lemma[2.11f(a) gives
Bx)\"? [ n—B(z) \FhO
0= (55) (Fwo)

p—1 L k1 (6) ph—kr (i) —1 1 i
—pfl (1= RO © .
" R A (k—l—kl(i)>

For this section, we take the convention 0° = 1 to handle the case that k(i) = k — 1.

Let ¢ = k1(i)/(k — 1) € (0,1]. Then

k-1 o\ k=1
n (1—p)ipl—a
dile) < (k‘— 1) (qq(l —q)' ' 27
We will first bound the term

(1—pB)1p1

= T (28)
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Regarding as a function of 3, we see that the derivative

9 <(1 - 5)"51") _(Q-p)rip
O\ ¢*(1—q)' q'(1—q)'~4

(1=q)=5)

is negative for § > 1 — ¢ since the fraction is nonnegative. Recall that k(i) = degg(i) >
n(k—1) by assumption, so ¢ > 1. We have also assumed for contradiction that 5 > 1—n/2 >
1 —n>1-q. Thus decreasing 3 to 1 — n/2 will only increase , ie.

(1—p)1p" _ (n/2)9(1 —n/2)"
qi(1 — )t~ = (1 —q)t-a (29)

We now have a function purely of ¢. Taking the derivative, we get

0 (77/2)"(1—77/2)1“’ _1 12— )t n(l—q)
a?< a1l — g >‘2(1 9@ ) ’“g<q<2—n>>

where all terms are positive except the logarithm, which is negative for ¢ > n/2. Thus

is decreasing with ¢ for ¢ > 7/2, so we may take the further upper bound

(L=p)p _ /2" —n/2)" _ ., o\
R e (1 T 77))

1—
where 277 <1 + ﬁ) ! < exp(—(log2 —1/2)n).

We now have an appropriate upper bound. Substituting into and recalling that
n > Clogk/k, we see that

k-1 b1
di(w) < (—— exp(—(log2 — 1/2)(k — 1)) < [ —2 jo—Cllog2-1/2)
k—1 k—1
Using Lemma [2.12] we get

1 a d(x) 1\ —C(log 2—
= < <k L —Cog2-1/2)
EFt—1  (k—1)! = nk1 — <k—1)

Rearranging terms and using the standard inequality yields

ka(log 2—-1/2) )

IN

1
ek

For C' > 1/(log2 — 1/2) ~ 5.18, this yields a contradiction for sufficiently large k. O
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3.5. The second largest neighborhood. For a vertex z € V(H), let Z(x) be the
second largest set in {Ny(z),..., Nx(z)} and define

|Z ()]
Z =2, = max .
ze€V(H) n

LEMMA 2.15. z < 1 —n/8.

PRrROOF. Let x € V(H) such that z = |Z(x)|/n. Suppose z € V; and Z(x) = N;(x) for
distinct 7,7 € [k]. Then we want to bound |N;(z) N Z(z)|. Suppose y € N;(z) N Z(z). If
xy € E, then i € yg(zy) and j € xu(zy), so xu(zy) = {i,7}. Thus |Ny(z) N Z(x)| <
dgjy(x) + dg(z). It follows that

[Ni(2)] +[Z(z)] = [Ni(x) U Z(2)] + [Ni(x) N Z(2)| < n+ dgijy(z) + do()

where dy; j1(z) < an and dy(z) < Bn. Thus, |N;(x)| +|Z(z)| < (2 —n/4)n by Claims
and [2.14] Since |Z(z)| < |N;(z)|, this gives z < 1 —n/8. O

3.6. One large part. We now take care of the situation when one of the V;’s is very

large.
LEMMA 2.16. |V;] < (1 —1/3k)n for all i € [k].

PROOF. By contradiction, assume without loss of generality that |V3| > (1 — 1/3k)n.
If z € Vi, then |Ny(z)| > |Ni(z)| for all i > 1 so |No(z)] < |Z(z)] < zn. Applying
Lemma- ) to do(z) gives

k—1 k—1
zn n n
<N, JH) ) < _

z€V(H

and we further see that

P ) n =l 1 nk
. < kil . -
|V1|<k—1> T3k (k—l) = (Z +3k) k=11
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Rearranging and using M*/(M); < 1.01 as assumed in , we get

(k— 1)1 k-1, 1
- < 1. — .
G S Lo (P o

Using the standard inequality and then Lemma m gives

1 1\ 1 o1 k1 —0/8
S 1——) < exp(—C1 — OB,
(1.016 3) L <2< ( 3 exp(—C'logk/8) =k

For any C' > 8 this fails to hold for sufficiently large k. 0J

3.7. Counting the copies of R in H. The way we count copies of R in H is very
similar to the previous section and to [30]. While we do not have as much information in
this case, without a focus on optimizing for small &k, we allow ourselves to be less strict with
the counting arguments.

Call a copy f of R in H transversal if it includes exactly one vertex in V; for all i € [k].
We partition the copies of Rin H as H,,UH,U H, where H,, comprises those copies that lie
entirely inside some V;, H, comprises those copies that intersect every V; whose edge coloring
coincides with the natural one given by the vertex partition (meaning the map from R to
H takes vertex i to a vertex in V;), and H, comprises all other copies of R (including those
transversal copies where some vertex is in an inappropriate V;). Thus a transversal copy f
is in H, if and only if the unique map ¢ : [k] — f with (i) € V; for all i is not a graph
isomorphism from R — H|[f]. Let h,, = |H,|, hy = |[Hy| and h, = |Hp| so that

Nia(R, H) = hy, + hy + hy,

We will bound each of these three terms separately. As in Section let D be the
set of all pairs {v,w} such that v € V;,w € V;, and xp(vw) # xg(ij) where ¢ # j. Let
= |D|/(%). The identical reasoning as in Section [2.6| gives the first two bounds

k k
= Nua(R, H[V, Z na(R, 1) (30)
J=1 J=1
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- 0(3) 0(3)
= 51_[171[ (1 Zl<z<]<kn n]) Hn (1 N ) D (ﬂ;)> ' e

Our next task is to upper bound h;. This argument must be carried out differently. For

and

a vertex x € V(H) and j € [k], recall that N;(x) C V(H) is the set of y such that z,y lie in
a copy of R with x playing the role of vertex j in R. Let us enumerate the set J of ordered
pairs (e, f) where e € D, f € H,, and e C f. To simplify the argument and notation, we
count pairs instead of triples as in Section [2}

We must show that each f € Hj contains an edge in D. If f is transversal, then as we
have noted, the natural map is not a graph isomorphism. Thus there is some incorrectly
colored edge which is in D. If f is not transversal, there is some ¢ € [k] such that |fNV;| > 2.
Note that f ¢ H,,, so |fNVi| < k. As R is connected, there exist v € V;, u € V; for some
J # i such that vu is an edge in f. Since |f NV;| > 2, choose also w € f NV, with w # v.
If xg(ij) = 0 then vu € D. If xg(ij) = {i,7}, then as xy(vu) = xu(wu) = {i,j} would

contradict that f is a copy of R in H, we must have that uv or uw in D. This gives us that
hy < [J].

To bound |J| from above, we start by choosing some bad edge vw € D. Let f C V(H)
such that (vw, f) € J. Either v € V; does not play the role of i or w € V; does not play the
role of j in f. Then f C Ny(v) U {v} for some £ # i or f C Ny(w)U{w} for some ¢ # j. We
have | Ny(v)|, | Ne(w)| < zn by the definition of z and the partition V; U---UV, = V(H). By
the final statement of Lemma [2.11]

=2 (Z(U’XZ—(?)HJF; <|]/Z££w2)’)k_2> < 2P|k~ 1) (kz_n2>k_2.

vweD \ (#£i

Thus, recalling that § := |D|/(}), we obtain

hy < 26(k — 1) (Z) (kz_"Lz)k_Z. (32)
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Using (30)), (31)), and (32) we obtain
Nia(Ron) <3 Niga(Rony) + [[ <1 °0) >+25(k 1)(”) ( = )H
ind (L3, 1) < ind (LT, 72 e\ =27 - :
i ¢ (2) _Zi(Z) 2 k-2

Our final task is to upper bound the right side of (33)).
As in Section we see that 6 € I = [0,1 -3, (%)/(5)]. Viewing as a linear

function of 9, it again suffices to check the endpoints of I.

3.8. The extremal case.
CrLAam 2.17. If § =0, then ind(R) < a
PRrROOF. If § =0, then implies that

Nind(Ry n) S Z 1nd R nz Hn’L

This is the same equation as , and we have all the same assumptions. The same

argument as in Section derives a contradiction. 0

3.9. The absurd case. Now, we consider the other endpoint of .

Cram 2.18. If 6 =13, (%) /(3), then ind(R) < a.

ProoF. If 6 =13, (%)/(5), then implies that

k k—2
Nina(R,n) < Z md(R,n;) +2(k—1) Zn n; ( 2) nk=2. (34)

i#j

This is similar to with an extra factor of approximately k2 in the second term. We can
bound the first sum using the same techniques as in Section , giving :

Nina(R,n;) < 6((60)) + (ind(R) +¢) Z pF < 0.74ind(R). (35)

M;r
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We now bound the second term. Dividing by (Z), we reorganize

L

We first relax (k — 1)(k* — k) < k¥*L. Observe that k*=2/(k — 2)*=2 < €2. Thus this

first quotient is at most e2k3. For n > M, we have n*/(n), < 1+ & < 1.01. Finally,

> iz Pipj = (1= Sop?)/2<(1—-1/k)/2 < 1/2 as . p? is minimized when p; = 1/k for all
t. Thus

%(k—l) <Znn]) (kiQ)k 2 nF=2 < 2623 . 1.01

By Lemma we know that zF=2 < (1 —/8)" 2, and we further see that

N\ *—2 (k: — 2)17 C 1 ~0.9C/8
(1 8> exp ( 3 exp 8 1 2 logk | <k

We again used & > 11 here. Thus for C' > 24/0.9 =~ 26.67 and k£ > 11, we have

220 = 1.012K3 25 2.

l\:)ln—

1.01e%k32%2a < 0.25a. Recalling that a < ind(R), plugging this and into gives
ind(R,n) <0.74ind(R) + 0.25a < 0.99ind(R).

This contradiction completes the proof of the claim and the theorem. O

4. Disconnected rainbow graphs

In this section, we show that rainbow graphs with multiple connected components are
not fractalizers.

Let R = (V, E) be a rainbow graph with k& vertices and ¢ > 1 connected components.
Let R = Ry U---U Ry be the connected components of size cy, ..., c, respectively. Assume
also ¢; > 2 for all 7 (no isolated vertices). We will show that R is not a fractalizer.

We begin by upper bounding the number of copies Ni(R,G,) for G, € Ggr(n) an

iterated balanced blow-up. Then for any i € [¢], by the same argument as for computing the
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inducibility of the iterated balanced blow-up (see e.g. [34]),

Cq

Mmuga@:(%fﬁw(ﬁ) +H(m>w+”‘41+“nkj_k

Any S C V(G,) with G,,[S] 2 R has a unique partition S = S; U --- U Sy, where

G,[Si] = R;. Thus we can upper bound

~

deG H ind R“G 1"‘0 kH

k%-— (36)

However, consider instead the family of graphs H(n) consisting of separate iterated bal-
anced blow-ups of each part. Formally, H € H(n) if |V(H)| = n and we have a partition
V(H) =V, U-- UV, with the following properties:

(1) For all i € [(], ||Vi] — %n| < 1.
(2) For all i € [¢], the induced subgraph G[V;] € Gg,(|Vi]).
(3) For all v € V;,w € V; with ¢ # j, we have vw ¢ E(H).

In H(n), there are no edges between any copy of R; and any copy of R; for distinct 1, j.
Since R is rainbow, copies of each component R; exist only in V;. Then for H, € H(n), we

have that Nina(R, H,) = [ [, Nina(Ri, Hu[Vi]), so

) J4
¢! Sip i
Nind(R7 HTL) - H(l + 0(1)) Ci ) <k ) > 1 + O n H k‘c’ . k cz—l (37)

Comparing with , we subtract larger numbers in the denominator of , SO
the family of graphs H(n) induces asymptotically more copies than the family Ggr(n). Thus
R is not a fractalizer. Since R was generic, disconnected rainbow graphs without isolated

vertices are not fractalizers.

5. Rainbow cliques without a fixed coloring

We now address the problem of maximizing the number of rainbow cliques on k vertices

without fixing a specific rainbow coloring. In other words, for G,, the set of (g)—edge-colored
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K,, let

v = lim maxgeg, |[{S C V(G) : |S| =k and G[S] is rainbow}|
k= :

o o

We note that v, > k!/(kF — k).
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FIGURE 2.1. A 15-edge-coloring of Kig.

The result of [3] shows that 3 > 3!/(3%—3) = 1/4. We show that v > 6!/(6°—6). Notice
that a rainbow Kjg has (g) = 15 colors. Consider the 15-edge-coloring of K¢ displayed in
Figure 2.1 and note that each color class is a perfect matching. Letting the set of colors be
{1,2,...,15}, the adjacency matrix for this graph is shown in Figure , where the i, j-th
entry is the color assigned to the edge 7.

Of the 8008 subgraphs on 6 vertices, 448 of them are rainbow. Thus, the density of a

448 8

rainbow Kg in this graph is g555 = 7,3 ~ 0.056. Considering the iterated balanced blow-up
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FiGURE 2.2. Adjacency matrix of the graph shown in Figure .

of this construction, we see that

448 (35)" + 16 (448 (

_n_
162

)* +16 (448 ()" +16(-+-)) ) )

1
S T T

165

o0

Y6 > lim

n—oo

=448 - 720 - (

= 322560 1

N 166
1344

= — ~0.0192.
69905

This is larger than 6!/(6° — 6) ~ 0.0154. It remains open to determine whether ~;

K/ (k" — k) for k = 4,5 and k > 6.
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CHAPTER 3
Induced oriented cycles for low edge density

This chapter is based on joint work with Clayton Mizgerd.

1. Background and results

Recall that Conjecture [1.1] states that ind(Cy) = k!/(k* — k) for k > 5. In this chapter,

5
we consider the oriented cycle C} instead and prove the following.

THEOREM 3.1. Let k > 4 be fizred. Let G be an oriented graph with n vertices and m

edges. Then,
Ning <5k,G> < TZZ—T
The bound in Conjecture |1.1| corresponds to
- nk
Nina <Ck,G) < s (39)

Since m = O(n?), the main difference is in the k! in the denominator of our bound. In
fact, Theorem [3.1| proves that holds whenever m < n?k*=1/(k* — k). Asymptotically,
this is when m is about (2/k) - (}), which is the same number of edges as in the iterated

*>
balanced blow-up of Cj on n vertices. Thus, up until the edge density at which inducibility

is conjectured to be achieved, the desired bound holds for oriented cycles.

2. Proof of Theorem [3.1]

Given k and G, we will count the number of k-tuples of vertices (vy,ve, v3, Vs, ..., Ug)
such that vjvy ... v; is an induced oriented cycle of length &k in G (so G contains edges vyvs,

v9U3, etc., up to vgvy). As in [20], we call such k-tuples good. For A = (vq,...,vs), define
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where

® Ny is m,

e n3 is the number of neighbors b of vy such that v,v50 is an induced oriented path of
length 3,

e n; for i =4,...,k is the number of neighbors b of v;_; such that vivy...v;_1b is an
induced oriented path of length 1,

e 1, is the number of vertices b such that vivy ... v,_1b is an induced oriented cycle

of length k.

Note that Kral, Norin, and Volec [20] started by choosing a vertex, then chose additional
vertices one at a time. The fact that we are first choosing an edge is the main difference in
our work, which alters multiple steps and bounds throughout the proof of Theorem

The following result shows that we can in some sense think of w(A) as the probability
of choosing A if we pick an edge at random, then add vertices one at a time to form a good

k-tuple. We will call any connected subgraph of an oriented cycle an oriented path.

LEMMA 3.2. Let k > 4 and G an oriented graph. Summing over all good k-tuples A,

Z w(A) <1.

A
Proor. We consider the following random process for generating a k-tuple of vertices.
We choose an edge v1v9 € E(G) uniformly at random. We then select a random vertex wvs
uniformly among those vertices u € V' such that v;vou induces an oriented path of length 2.
We continue to iterate this process until v; ... v, is an oriented path of length k£ — 2. We
then choose vy, uniformly among those vertices v € V' such that {vy, ..., vx_1, vx} induces 5k
If at any point there are no valid vertices and we are attempting to choose from an empty

set of vertices, then we abort this process and fill in the remaining slots with any vertices.
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The probability of drawing any “good” k-tuple A is exactly w(A). Thus by the law of
total probability, summing over all good k-tuples A,
> w(A) <1
A

as claimed. 0

Now that we have a way to weight the good k-tuples, we are prepared to prove Theo-

rem . We follow a similar outline to the proof of |20, Theorem 1].

Proor oF THEOREM [3.1]. Let k be fixed. Let G be an oriented graph with n vertices
and m edges. We count the number of good k-tuples in G.

Fix an induced cycle v1v; . .. v, and let A; be the good k-tuple (vj,vj41,...,vj_1) modulo
k for j € [k]. Our main goal is to find a lower bound on w(A;) + -+ -+ w(Ag). The AM-GM

inequality gives us that

k k
(Hw(Aj)) < wd) + — Tl (40)

Let n;, be ng as in the calculation of w(A;). The definition of w(A) and another appli-

cation of the AM-GM inequality further implies that

k 1 (=) k (=) pe kK
= MN;3N4- " Njk < — . N (41)
(JHl w(Aj)> <]Hl he ! ) k(k —2) P

j=1 (=3

Let b € V(G) be any vertex. If b contributes 1 to n;, for some j € [k] and ¢ € {3,4,... k},
then vj 1, 9b € E(G) and v;b ¢ E(G) for all j < i < j+4 ¢ — 2 modulo k. Therefore, b can
contribute at most 1 to 2523 nj for any j € [k]. We show that each vertex b contributes at
most k — 2 to the double sum in by showing that there exist two values ji, jo € [k] such

that b contributes 0 to both Z?:s nj, ¢ and Z’Z:?) nj,¢. We do so by cases:

Case 1: b = v; for some j € [k]. See Figure for an illustration. In this and following
figures in this proof, each edge v;v;1; is labeled by the contribution of b to 25:3 n; . We see

that b contributes 0 to nj_1 ¢ and n;, for all £ € {3,4,...,k}, so we set j; = j—1 and jo = j.
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b
I R Rl A R i
5-2 Yji-1- Y Ui+l Uj+2

FIGURE 3.1. A; when b = v;.

Case 2: b # v; for all j € [k] and b has no edges to or from v; for any j € [k]. We see

that n;, =0 for all j € [k] and ¢ € {3,4,...,k}, so we may take any distinct ji, jo € [k].

Case 3: b # v; for all j € [k] and bv; € E(G) for some j € [k]. We see that b contributes
0tonj_1, forall ¢ € {3,4,...,k}. If b contributes 0 to n;, for all £ € {3,4,...,k} as well,
then we may set j; = 7 — 1 and j, = j. Otherwise, b must contribute 1 to n;j since the
edge v;jv;41 is picked first, and a vertex with an edge to v; will only be added if it is the
last vertex, completing the induced oriented cycle. For this to occur, we must have that
vj_ob € E(G). See Figure for an illustration, where the edge v;_ob and its implications
are depicted in green. Thus, b contributes 0 to n;_o, for all £ € {3,4,...,k}, so we set

n=j—2and jo=7—1.

..0 —>9—>0—> -

1
vj_2 Uj_1 Uy Vi1  Uj42

FIGURE 3.2. A; when bv; € E(G).

Case 4: b # v; for all j € [k] and v;b € E(G) for some j € [k]. We see that b contributes
0 to n;, for all £ € {3,4,...,k}. If b contributes 0 to n; 1, for all £ € {3,4,...,k} as well,
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then it contributes 0 to both Z?:g n;e and 2?23 njt1,. Otherwise, there must be some
Jo € [k]\ {j,7 + 1} such that v;b € E(G). Sece Figure for an illustration, where the
edge v;,b and its implications are depicted in green. Thus, b contributes 0 to n;,, for all

e {3,4,...,k} and we are done.

t' 1 -
G Uj Vi1 Vj42

FIGURE 3.3. A; when v;b € E(G).

Thus we have that

This, together with , shows that

b 1 ﬁ nmﬁ
11 < 7

J=1

which further implies that

< ( k w(A»)k. (@2

J

Equations and together give us that

K < w(A) + -+ w(Ay). (43)

mnk—2
Summing over all good k-tuples and applying Lemma [3.2] we see that

kkfl

mmnk—2

N (@,G) <1
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Therefore,

-
Nina <Ok7G> < —
as desired. O

The bound in Theorem is not tight, but we believe that the only place where slack
appears in the proof is in (42)).

As mentioned earlier, all changes in our proof from that in [20] come from the fact that
we choose an edge first, and then vertices, when finding an induced oriented cycle in G,
rather than just choosing vertices. This means that our bound depends on m, but it also
means that b contributes at most k — 2 to the double sum in (41f), rather than at most k — 1
in [20]. The orientation of the edges also implies that b can contribute at most 1 to Sp_, 7,
while without orientation it can contribute at most 2. Thus, while our bound varies with
the edge density of GG, it is much closer to the conjectured bound for lower edge densities

than the bound in [20].



CHAPTER 4

The feasible region of edge-colored complete graphs

This chapter is based on joint work with Dhruv Mubayi in [8], published in the STAM Journal

on Discrete Mathematics.

1. Background and results

A g-colored graph is a graph G = (V, E) together with a coloring function f : E — C,
where |C| = ¢q. Fix ¢ € Z" and let G = (V, E) be a g-colored complete graph with coloring
function f. For 1 <i <gq, let ¢;(G) = |{e € E': f(e) = i}| and let

be the density of color i. Given a g-colored complete graph F' with |V (F')| = s and coloring
function g, a subset X C V with |X| = s is a copy of F in G if there is a bijection
¢ : V(F) — X such that g(uv) = g(¢(u)e(v)) for all distinct u,v € V(F). Let N, (F,G) be

the number of copies of F'in G and let

N,(F,G)
Qq<F, G) = ?T)
be the density of F' in G.

Let (G,)22, be a sequence of g-colored complete graphs with |V (G,,)| — co. The sequence
(Gp)$2, is F-good if z; = lim,_, 0;(G,,) exists for all i € [¢g] and y = lim,_,o 04(F, G,)
exists. In this case, (G,)5>, realizes (1,...,24-1,y). Note that we only list xq,..., 241

since £, =1 — (1 + -+ 4+ x4_1). Define
I,(F,(x1,...,041)) :=sup {y (21, .., 24-1,y) € [0,1]7 realized by some F-good (Gn)}

In fact, this supremum is a maximum (see Proposition .

47
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For 2 < s < t, recall that K ;’t is the 3-colored clique on vertex set V = V; LU V5, with

|Vi| = s and |V3| = t with coloring function f defined by

.
blue ife,5 €V,

f(ij) = green if 7,5 € V5,

red otherwise,

for all distinct ,j € [s+1] (see Figure [1.1] from Chapter [I)). Our main theorem is as follows.

THEOREM 4.1. Let 2 < s <t and xp, x4, x, € [0, 1] such that v, + x4+ x, = 1. Then

Q;Z/sz/Q(QSs) Zf\/x_b‘i‘\/JJ_gS 1’
(5)° (%) i va+ a1

L(K{ s, (s, 7g)) =

Furthermore, if \/oy + /T4 < 1, then

s s+t
I(K . (a0,2,)) — xb/%z/?( )

S

5,89

Theorem determines I3(K. , (2, x,)) for all vectors (zy,x,) in the region xy, z, > 0
and z, + x4 < 1. A simple optimization shows that

() = i, /a0 = (1) (%)

S

Note that I3( K

st

(xp, 24)) is not known when /z, + /Z, > 1 and s # .

We will now consider all possible subgraph densities of K’

«1» Or any other edge-colored

complete graph. This work follows the structure of Liu, Mubayi, and Reiher in [26]. Let
q € Z be the number of colors, F' a g-colored complete graph on s vertices, G a g-colored
complete graph, and (G,) ~, a sequence of g-colored complete graphs. Then, a g-colored
quantum graph @) is a formal linear combination of finitely many g-colored complete graphs,
ie.

m

Q=) \F

=1
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where m € Zxg, A; € R for all 4, and F; are all g-colored complete graphs. All definitions on
g-colored complete graphs extend to g-colored quantum graphs by linearity. For convenience,

we set T = (21,...,2T4-1) = lim, o (01 (G) ,- .., 04-1 (Gr)). The feasible region of Q) is

Q,(Q) =A{(Z,y) €[0,1])? : realized by Q-good (G,),~—,}.

Similarly to our definition of I, we define

i (Q,7) = inf{y : (¥,y) € U (Q)},

which we also later show is in fact a minimum (see Proposition 4.8)).
Set Al | :=={Z€[0,1)9" 21 + - + 241 < 1} a projection of the (¢ — 1)-dimensional

standard simplex. For most graphs F’, the minimum subgraph density i,(F’, Z) is simply zero.

PROPOSITION 4.2. Given a q-colored non-monochromatic complete graph F', i, (F,Z) =0

forallT € A} _,.

When F is monochromatic, the minimum clique density bounds on simple graphs from [35],

31, B6] apply directly. See also Remark

The following result shows that €, (F) is completely determined by I, (F, Z) and i,(F, Z).

THEOREM 4.3. For every q-colored quantum graph @,

Q,(Q)={(Z,y) €0,1]"" xR : i, (Q, %) <y < 1,(Q,Z)}.

Moreover, the boundary functions i, (Q,Z) and I,(Q,Z) are continuous and their partial

deriwatives exist almost everywhere.

For i € [q], let ¢; be the function that assigns to every g-colored graph F' a simple graph
G = (V(F), FE) where E is the set of edges colored 7 in F.

REMARK 4.4. For any q-colored complete graph F', we have that I, (F, %) < I (¢; (F),z;)
for all i € [q] where xg; = 1 — (x1 + -+ x41). This is because, given any F-good sequence

realizing a specific F-density, if we just delete all edges except those of color i in both the
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sequence and F', the new sequence is still ¢; (F')-good and realizes the same, or higher, ¢; (F)-

density. Written differently,

1, (F,#) < min {1 (6, (F) )}

i€[q]

The second case of the proof of Theorem is an example showing that this inequality
can be tight.
By Proposition , we know that i3 (K !

s,

(24, 4)) = 0 for all zy, x4, x, € [0,1] such that

xp+ x4+, = 1 since K, is not monochromatic. Both i3 (Kg "

Z) and I (K., ) are clearly

s,t)

continuous and almost everywhere differentiable since I3 (K !

s’t,f) is only not differentiable

on the line /x, + /x, = 1, which has measure 0. A visualization of the feasible region of
K3, is shown in Figure The horizontal axes are x;, and x,, while the vertical axis is y.

The feasible region itself looks somewhat like a sand dune.

FIGURE 4.1. Q3 (K7 ,) (graphed at geogebra.org).

In Section [2| we prove Theorem In Section [3] we prove Proposition 4.2 and Theo-

rem [4.3] along with other supporting results.

2. Proof of Theorem [4.1]

We start with some necessary definitions for simple graphs. Let (G,) := (G,), be

a sequence of graphs with lim, . |V(G,)| = oo. The sequence (G,,) is F-good if both
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x = lim, 0 0(Gy) and y = lim, o0 oina(F, G,,) exist. In this case, we say that (G,,) realizes

(x,y). Define

Lina(F, x) :=max{y : (z,y) € [0,1]? is realized by some F-good (G,)},

iina(F, ) :=min{y : (x,7) € [0,1]? is realized by some F-good (G,)}

as in [26]. The following two results will be needed to give upper bounds.

THEOREM 4.5 (Kruskal-Katona [19, 21]). Let r > 2 be an integer. Then for every

x € [0,1] we have Iig(K,,x) < 2"/

THEOREM 4.6 (Liu, Mubayi, Reiher |26 Theorem 1.16]). Let s > 2 be an integer. Then

for every x € [0,1] we have Lina(Kss, x) < (*)a®/28.

PROOF OF THEOREM [£.Jl. We address the two cases separately.

Case 1: /7, + /74 < 1.

We first prove the upper bound. Suppose that (G,);2; is a K ;-good sequence that

realizes ((wy, ), I3(K7,,

(xp,24))) and let f, be the coloring function for G,. Let K. =

([s], (5)) with coloring function f, = blue. Similarly, let K] = ([t], (})) have coloring function

fg = green. Since K, contains exactly one copy of K| and one copy of Kj,

Ny(K!

st

Gn) < N3(K;aGn)N3<K£7Gn)~ (44>

By deleting edges that are not colored blue and applying Theorem [£.5], we obtain

N3<K;7 Gn)
(IV(Gn)l)

s

s/2

lim sup < I3(K, (2, 74)) < Lna(Ks, 1) <

n—oo
Similarly, by deleting edges not colored green, we obtain

Ns(Ki, Gn)

W < ]3(K£7 (xbaxg)) < Iind(Kt7$g) < IEZ/2~
t

lim sup
n—oo
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Together with , we get

5/2 |V(Gn)| t/2 ‘V(Gn”
/ . xb(s)'%( t )_s/2t/2 s+
IS(Ks,tv(xb’xg))S,}EEo (IV(G?)l) =1, T, . )
s+

We now prove the lower bound. As [n./z,| + [n,/Z,| < ny/xy + ny/T, < n, there exist
disjoint subsets A, and B, of [n] with |A,| = |n\/z}| and |B,| = |n,/z,] for all n. For each
n > 1, let Gy, = (n], ([Z])) have coloring function f,, defined by

.
blue ifi,j €A,

falig) = green ifi,j € By,

red otherwise.
\

See Figure for an illustration. Clearly, lim,, o 0biue(Grn) = 23 and lim,_, o Ogreen(Grn) =

A, B,

FIGURE 4.2. Construction maximizing K7 ,-density when \/z, + /7, < 1.

zy. If Ais a copy of K in G, and B is a copy of Kj in G, then AU B is a copy of K, in

G, as fn(ij) =red for all i € A,,, j € B,,. Thus, (G,)y2, realizes (x, x4, y), where

n=1

Iny/@s)y (Lny/as) s 2t ;
Y= lim Q3(K/ ‘s Gn) = lim ( s )( t ) — lim (S + )TL Ty N'Tg _ $Z/2.Tt/2 S + .
n—o00 S n—o00 (sj—t) n—o00 n5+t8!t! g S

Consequently, I3(K!,, (zp,x,4)) > 532/295;/2 (S;rt)'

s,t)

Case 2: \/17b+\/x_921.

We first prove the upper bound. Set x, := 1 — x, — z,. Let (G,);2, be a K -good

sequence that realizes ((zy,7y), Is(K ,, (73, 2,))). Every copy of K, contains a red copy of
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K . Consequently, Theorem implies that

. N3(K,,Gn) T\ (25
(KL (10,2)) = Jim =Sl < Fa(Kow ) < () ( )

e (50

We now prove the lower bound. Note that

J 2£L'b—|—l’r 1+$b—xg 2\/_

) S 2w T am S am

since /zp + /Ty > 1 implies z, > 1 — 2,/&, + 3. For each n, let A, U B, C [n], where
|An| = [ny/@p) and |B,| = [nx,/(24/2)] and let G, = ([n], ([72”)) have coloring function f,
defined by

/] + g

(

blue ifi,j e A,

falij) = qred  ifi€ A, j€B,orj€ A, i€ B,

green  otherwise.
\

See Figure for an illustration. Now lim,, o0 gblue(Grn) = xp, and

B

» -

A, B,

FIGURE 4.3. Construction maximizing K7 .-density when /7, + /T, > 1.

. o AL 2 nm
oo nee (5) 2y '

We conclude that lim,_, Ogreen(Grn) = 1 — 2, — 2, = x,. Every pair of s vertices in A,, and

s vertices in B,, induces a copy of K ., so (G,)>, realizes (zp, z4,y), Where

$,87

(Imd)  (neel2vmly s o <2s> _ (x_> <23>

y=m @) =T e s 2

Consequently, I3(F, (xp, x,4)) > (f)s (28)' -

S
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3. The feasible region

The results in this section follow a similar structure to those in [26], and we make use of

the following proposition.

PROPOSITION 4.7 (Liu, Mubayi, Reiher [26, Proposition 1.4]). If F' denotes a graph

which is neither complete nor empty, then ina(F,z) =0 for all x € [0, 1].

This allows us to prove Proposition [4.2]

PrOOF OF PROPOSITION 4.2 Let ¥ = (21,72,...,741) € A}, and pick i € [g — 1]
such that o; (F) # 0. Note that o; (F) # 1 by assumption. Then, consider the uncolored
simple graph F; obtained from F' by only keeping edges with color i. As F; is neither complete
nor empty, we can apply Proposition . Then iq (F}, z;) = 0, so there is a sequence of
graphs (G,),~, that realizes (z;,0). Now, we construct a new sequence (G7,) -, where G/,
is a complete graph on V (G,,). Given e € FE (G,,), we color e € E(G!) color i. Then, we
arbitrarily color z;(}) + o(1) edges color j for all j € [¢] \ {i} so that all color densities are

correct asymptotically. Then, (G},) ~, must realize (Z,0) since
Qq (F7 G;z) S Qind (Ev Gn)

for all n, and lim,_,s 0ina (Fi, Gr) = 0. O

Not only is the lower bound on the feasible region zero for most g-colored graphs F', but

the feasible region itself is also closed for all F' (and all g-colored quantum graphs Q).
PROPOSITION 4.8. For every q-colored quantum graph @Q, the set Q,(Q) is closed.

PrOOF. We follow the same proof structure of [25, Proposition 1.3].

Let (Z,y) be any limit point of Q, (¢)). We will build a sequence of g-colored complete
graphs (G,),~, that will be @Q-good and realize (Z,y). This will imply by definition that
(Z,y) € Q,(Q), and thus that Q,(Q) is closed.

Let d(-,-) represent standard Euclidean distance. If each G,, in the sequence satisfies

v(Gp) > n, d((01(Gr),- 001 (Gr)), %) < L and |0, (Q,G,) —y| < %, then (G,):2

n’ n’ n=1
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will be @-good and realize (#,y). To construct such a sequence, for a given n, we take
(Q,g/) € Q,(Q) such that d (f, ﬂ) < 5= and |y —y| < 5. This is possible since (Z,y)
is a limit point. Since (a?’ Y ) € Q,(Q), there is a Q-good sequence of g-colored complete
graphs realizing (:E’ Y ) Therefore, there is some ¢-colored complete graph G,, with at least
n vertices such that d ((gl (Grn) sy 04-1(Gr)) ,a?’) < 5= and |9, (Q,Gy) — ¢/| < 5. Thus,

for this choice of G,,, we find that d ((01 (Gr), ..., 04-1(Gr)),Z) is at most

1((01(C) - 0 (G) ) 4 (F7) < b =1

=9 2n n

and

11 1
G —yl < G,)— oyl —— =,
10q (Q.Grn) —y| < 0q (Q.Grn) =¥ |+ 1y —y| < 5 T =1

so (Gy)2, realizes (7,y) as desired. O

Thus, “sup” and “inf” can be replaced with “max”

and “min” respectively in the defini-
tions of I, and 7,. The next result shows that all subgraph densities between the minimum

and the maximum can be achieved.

PROPOSITION 4.9. Let @ be a g-colored quantum graph, £ € A! and y; < yo. If

q—1’
(Z,y1), (Z,y2) € Q,(Q), then (Z,y) € Q, (Q) for all y € [y1,ya].

Note that, if @ has no monochromatic constituents, we can take y; = 0 by Proposition[4.2]

PROOF. Fix y € [y1,y2]. Let (G1,) 7, be a Q-good sequence of g-colored complete graphs
realizing (Z,y;) and similarly for (G)) | realizing (Z,y,). By diagonalization, we may
assume that (G),) ", and (G7) ", are F-good for all g-colored complete graphs F as there
are countably many such graphs for fixed ¢. Thus, by [27, Theorem 17.8], both sequences
converge to a limit object, called a [g]-graphon.

While this proof is possible without the use of graphons, it is much more pleasant to
read with them. Since we only use them in this proof in this chapter, we only mention
necessary definitions and results. For more details and context, see the book by Lovéasz [27].

A graphon W is a symmetric, measurable function W : [0,1]> — [0,1] and is the limit
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object of a convergent sequence of dense graphs. A [q]-graphon w consists of ¢ graphons W;
for i € [q], where W; corresponds to edges of color i, and is the limit object of g-colored
complete graphs. Let w’ be the limit of (G},),~, and w” the limit of (G%) " . Let ' be
represented by Wi, ..., W/ and w” by WY, ... , W/

By the definition of convergence,
Wi(z,y) dedy = W (z,y) dedy = x;
[0,1]2 [0,1]2

for all ¢ € [g]. In this sense, w' and w” have the same color densities as (G,). ", and (Gl1)>"
Similarly, for F' a g-colored complete graph on vertex set [k] with coloring function x, the

homomorphism density of F' in ' is

/ H H W, xaaxb :Jcldz =l
0,1]%

i€(q] a,be[k]
x(ab)=i

and the homomorphism density of F' in w” is

t(F,W") ::/ H H Wi (wa, 2p) duy -+ - day = Yo
[0,1]*

i€[q] a,be[K]
x(ab)=i

This extends by linearity to Q.
Take any A € [0, 1] and consider the [¢]-graphon defined by Aw’ + (1 — A\)w”, i.e. the [q]-
graphon represented by AW/ + (1— X)W/ for all i € [g]. The density of color i is still z; for all
€ [q]. For a graph F, it is straightforward to check that ¢(F, A\w’+ (1—\)w”) is a polynomial
of A with bounded degree and coefficients as F' and ¢ are fixed. This extends by linearity
to any fixed () and implies that the homomorphism density of () is continuous in A. By the
Intermediate Value Theorem, there exists some A € [0, 1] such that w := A’ + (1 — A\)w”
satisfies t(Q,w) = v.
As with simple graphs and graphons (see [27], Proposition 11.32]), we may use w to
generate a random sequence of g-colored complete graphs that converge to w with probability
1. Therefore, there exists a convergent sequence (G,,),, of g-colored complete graphs with

limit w. By definition, (G,) -, realizes (Z,y). Therefore, (Z,y) € Q, (Q). O
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We will need the following technical lemma. Its proof is similar to that of [26, Lemma 2.3],

so we only include the parts of the proof that are different.

LEMMA 4.10. For every q-colored quantum graph Q and fived 7o := (22, ..., 141) € A} _,,
there ezist constants £ > 1 and C' > 0 such that for all x,2" with 0 < z < 2/ <1 — (x9 +

o4 xg1) we have

e (ORO)]

PrOOF. Fix0 <z <2’ <1,set « = y/2//x—1, and consider a Q-good sequence (G/,)>2

that realizes ((2/, %), I, (Q, (2, 20))). Assume without loss of generality that v(G),) = n for
every n > 1. Let G,, be the g-colored complete graph which is the union of G!, and a set of

|an| other vertices, where no new edges have color 1. We see that

: . 0(G)(5) x
1 n = ]_ pr— =
5,01 (Gn) = 00, " lenly” = (T a2

We then color the edges between G/ and these new vertices, and these new vertices and
themselves, colors 2,3,...,q so that lim, ,. 0;(G,) = z; for all i € {2,...,¢ — 1} and

limy, 00 04(Grn) = o7, + (2" — ). This is possible since, before coloring the new edges, all color

densities are less than or equal to x,x,..., 2, + (2’ — z), and these densities add to one.
Thus,
1,(Q, (z,20)) = limsup 04(Q, Gn). (45)
n—oo

LetQ:Ziep)\iFH—ZjeN)\ij with A\; > 0 for ¢ € P and A\; <0 for j € N. Set ¢; := v(F})
for alli € PUN and
l;
K::max{gziEPuN}.

The exact reasoning as in the proof of 26, Lemma 2.3] then gives that

0,(Q.C,) > 2 LCn) (1 - (2)6) o)

(x’/x)" x



3. THE FEASIBLE REGION 58

for C:= 3", n(=2;)({; +1) > 0. This together with 45| gives that

1(Q. (e > ML) (1 (2.

as desired. O

We are almost ready to prove Theorem [4.3] but we need one more fact.

Fact 4.11. Let ) be a g-colored quantum graph.

(a) The feasible regions of () and —(@) are symmetric to each other about the Z-axes.
Hence, I, (—Q, %) = —iy (Q,7) and i, (—-Q, %) = -1, (Q, T) for all x € A _,.

(b) As we can always permute the colors, given any o € S,
1,(Q,7) =1, (0Q, [ (0 (Z,1 = (z1+ -+ + 2g-1)))) ,
i (Q, %) =g (0Q, f (0 (¥, 1 — (z1 + -+ + 74-1))))

for all z € [0,1] where f(ai,...,a,) = (a1,...,a4-1) and S, acts on @ by corre-

spondingly permuting the edge-colors of all its constituents.

We prove Theorem [4.3], our main result on the structure of the feasible region of g-colored

complete graphs.
PRrROOF OF THEOREM [4.3l Proposition directly implies that
Q) ={(@y) €0, xR:4,(Q,7) <y < I,(Q,7)},

so it just remains to show that i, (@, Z) and I, (@), Z) are continuous and their partial deriva-

tives exist almost everywhere.
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First, we just show that I, (F, %) is continuous for any g-colored complete graph F' on s

vertices. Let € > 0 small and ¥ € A]_; be fixed. Then, take a > 0 small enough that

This is possible since lim, o (1 +«)® = 1 and [, (F,Z) / (I, (F,Z) —€) > 1. Now, we need

to take & > 0 such that

€

o = 5—1§a

T; —

for all i € [g|. Since ¢ is finite, lims_,o \/2;/(z; —0) — 1 = 0, and « > 0, this is possible. Set
o = max;eg{a;} and take any T € A;_; such that d <f, a?’) < d. Thus, |x; —z}| < 0 for all
i € [q]. Let (G,),—, be a sequence of g-colored complete graphs that realizes (Z, I, (F, Z)).
Now, we create a new sequence of g-colored complete graphs (G),) -, where we replace G,
with G/, by adding o’n vertices to G,, and coloring the new edges so that G/, has as close to
2’ color proportions as possible. Since we added o'n more vertices, the proportion of edges

of color ¢ before coloring the new edges is now

(witon(1)(3) _ oz
ORI

Since o/ > «; for all i € [q],

aﬁ%ﬁg+%ﬂ)§%—6+%ﬂ)§¢+@ﬂJ

for all i € [g], so we can indeed color the additional edges so that G’ has color density

! 4 0, (1) for each color 1 < i < ¢. This tells us that (G,)>, realizes the color densities 7,

SO

. L,(FD) (7)) 1,(F%) _ 1,(F )
) > i ! > 1 q ) s/ _ 4 ) > q 9
g (F’x> - nlggo 0q (F, Grn) 2 nlggo (n+§’") 1+a) = (1+a) >

(F,7) — ¢

due to our choice of a.
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We also need to show that we can take ¢ small enough so that I, (F, :5’) <I,(F,%)+¢

J(F.3) — 1, <F :Z/)

By contradiction, suppose that, for all choices of § > 0, we have I, (F, x7> > 1, (F, %)+ € for

for all 2’ € Al _, such that d (:E, :1?’) < ¢ in order to conclude that <e.

some 7' with d (f, a?) < 9. Taking in particular é,, := 1/n, let @, be such a vector for J,,.
Thus, we see that lim,, .., 2;, = Z. For a given n, take (G,, an element of a sequence realizing
(@n, 1, (F,Z,)) such that v(G,) > n and g,(F, G,) > 1, (F,Z)4+e—1/n. Since {o,(F, G,)}22,
is an infinite sequence bounded below by 0 and above by 1, the Bolzano—Weierstrass theorem
implies that there is a convergent subsequence {o,(F, G})}>,. We see that (G),)52, realizes

(7, y) € Q,(F) where

1
y = lim o,(F,Gy) > lim [, (F,Z)+e——=1,(F,7) + e

n—o0 n—00 n

However, this contradicts the definition of I, (F, Z), so we have reached a contradiction and
I, (F, %) is continuous.
Let @ = >, \iF; be some g-colored quantum graph. For each Fj, let §; > 0 be such

that q(Fi,f),Iq(E-,x’)

< ¢/(m);) for all ' € A} _, such that d (f, :E’) < 0;. Then, take

§ 1= min;eg{d;}, so that

(Q7 E,CL’

Z_:

Therefore, I, (Q, %) is continuous.

Further, we know by Fact [£.11|(a) that i,(Q, &) = —I,(—Q, x), s0 i4(Q, %) is also contin-
uous.

It remains to prove that the partial derivatives of i,(Q, %) and I, (Q, ) exist almost
everywhere. By Fact [4.11](a) and (b), it suffices to just show that the partial derivatives of
I,(Q, %) with respect to z; exist almost everywhere. Let ¢ > 1, C' > 0 be the constants
from Lemma [4.10] Then, the function g : (0,1] — R defined by g(z) = I, (Q, (z, 7)) + C/a*
is decreasing. Therefore, g is almost everywhere differentiable, and thus I, (Q, (z,zp)) is as

well for any fixed 7y € A} _,. O



CHAPTER 5
Subgraph density of edge-weighted graphs

This chapter is based on joint work with Dhruv Mubay:.

1. Background and results

The Kruskal-Katona theorem [19, 21] implies that, given a fixed number of vertices n

and number of edges m = (;) + b in a simple graph G for b € [0, a),

wwas()()

This is achieved by the construction on the left in Figure

U @0

a n—a—1 n—a—1

FI1GURE 5.1. Weighted and un-weighted constructions.

In the edge-weighted setting, the construction on the right in Figure has higher K-
weight whenever b # 0. Nonetheless, we prove that the total Kj-weight of an edge-weighted
graph G’ on n vertices cannot be much higher than the maximum number of copies of K,

in a simple graph G.

61
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THEOREM 5.1. Let k > 3. Let G’ be a [0, 1]-edge-weighted graph on n > 3 wvertices. Set

m = Z w(e)

e€cE(G")

Then there ezists an n-vertex (un-weighted) graph G with m edges such that

Nw(KkaG/) - N<Kk7G) <

when k > 4 and

Theorem says that we lose at most a constant factor of n*~2 cliques of order k by

restricting to the un-weighted regime. Note that the number of copies of Kj in a graph

typically has order n*, so this difference is asymptotically negligible .
Further, the bound in Theorem is tight. Let a = O(n) and b = a/2. The difference
between the Kj-weight of the right edge-weighted graph construction of Figure and the

number of copies of K}, in the left graph construction of Figure [5.1]is

a N\ b
k—1) \a k—1)
This simplifies to

(k _1 1)! ((Zl)ckll V- (b)’“*) " (k —1 1)! ((;Zkll B <g>k_1) '

Multiplying out, we see that this can be written as 1/ (2¥7(k — 1)!) times

I B A )]

which in turn can be simplified to

(k — ]')2(k — 2) ak72 4 O (nkf?)) ]
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Therefore, (%)) (b/a)f" — (kL) is equal to

1 (k B 1)(k — 2) k—2 k—3 _ 1 k—2 k—3
le(k_l)!( =2 0 ))—ma £ 0 ().

which is positive and © (nkfz) since a = O(n). Therefore, the Kj-weight of the edge-
weighted construction is © (nk_Q) more than the number of copies of K}, in the simple graph

construction, so the order of the bound in Theorem [5.1] is tight.

2. Proof of Theorem [5.1]

If an edge of a [0, 1]-edge-weighted graph is assigned a weight in (0,1), we call it a
fractional edge. We prove Theorem by changing the edge weights of a [0, 1]-edge-weighted
graph G’ repeatedly until no fractional edges are left. Then we are left with a {0, 1}-edge-

weighted graph that corresponds to a simple graph G.

PROOF OF THEOREM [5.]. Let & > 3, let G’ a [0, 1]-edge-weighted graph on n > 3
vertices, and set

m = Z w(e)

c€E(G")

We will need to be able to track the weight of all cliques sharing a common edge without

including the weight of the edge itself or a second specified edge. For e, f € E(G’), let

Nele, /)= > [ w(.

se(tl) ere(5)\e
eCS, fgs

Then, the sum of weights of all k-cliques that contain e, but not f, is w(e)Ny(e, f).
Suppose there are two disjoint, fractional edges e, f € e(G’) with weight = := w(e) and
y := w(f). Assume without loss of generality that Ny(e, f) < Ni(f,e). If we decrease w(e)
by ¢ € [0,1] and increase w(f) by ¢, then the sum of edge-weights is still m. Further, the
weight of cliques containing e, but not f, decreases by ¢N(e, f), and the weight of cliques
including f, but not e, increases by ¢Ny(f,e) > ¢Ni(e, f). It remains to track the change

in weight of those cliques containing both e and f. If £ = 3, no triangles contain both
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disjoint edges. If k£ > 4, then there are at most (Z:j) many k-cliques containing both e and

n—4

f, so the weight of these cliques decreases by at most (kf )

) since all k-clique weights are in

[0,1]. Therefore, overall, the change in edge-weights can cause a total decrease in k-clique

n—4

"}). Choosing the maximum ¢ such that w(e) — ¢, w(f) + ¢ € [0,1],

weight of at most (
we repeat this process until no pairs of disjoint, fractional edges remain. Call the resulting
edge-weighted graph G”. Since there is at least one less fractional edge after each operation,

and there are (72‘) edges in the graph, we perform this operation at most (3) times. Therefore,

Ny(Ky, G') — Ny(Ky, G") is at most

)Gy = st
2)\k—4) = 2. (k—4)!
for kK > 4 and at most 0 for &k = 3.

Note that all fractional edges in G” form either a triangle or a star, so there are at most n
remaining fractional edges. Suppose there are two fractional edges e, f € e(G") with weight
x = w(e) and y := w(f). Since all fractional edges are incident, e and f share a vertex.
Assume that Ni(e, f) < Ni(f,e), decrease w(e) by ¢ € [0,1], and increase w(f) by ¢. Again,
the weight of cliques containing e, but not f, decreases by ¢N(e, f), and the weight of
cliques including f, but not e, increases by ¢Ny(f,e) > ¢Ny(e, f). There are at most (Z:g’)
many k-cliques containing both e and f, so the weight of these cliques decreases by at most
(Z:g’) Therefore, overall, the change in edge-weights can cause a total decrease in k-clique

weight of at most (}_3). Choosing the maximum ¢ such that w(e) — £,w(f) + ¢ € [0,1],
we repeat this process until no pairs of disjoint, fractional edges remain. Call the resulting
edge-weighted graph G”. Since there is at least one less fractional edge after each operation,

and there are at most n fractional edges in G”, we perform this operation at most n times.

Therefore, Ny, (Ky, G") — Ny(Kj, G") is at most

”(Z ] g) = (kni_;)!'

If > ccpeyw(e) ¢ Z, then there is one remaining fractional edge in G". Set its weight

to zero and call the resulting (un-weighted) graph G. Note that N(Kj, G) differs from
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(Z . ;) = (k;ni;)!'

Putting everything together, we see that

Ny (Ky, G") by at most

: 11 1 nt 20t
Nu(Ky, &) = N(K, G) < (§+ k=3 (k;—2)(k:—3)) DS Ay

for £k > 4 and

as desired. O



CHAPTER 6

Maximum star densities

This chapter is based on joint work with Dhruv Mubayi in [8], published in the STAM Journal

on Discrete Mathematics.

1. Background and results

Reiher and Wagner [37] make great use of the theory of graphons for their work on star
densities. While we considered an edge-coloring variant of the standard graphon in the proof
of Proposition in Chapter |4, we go into more detail here. Formally, a graphon W is a
symmetric, measurable function W : [0, 1]* — [0, 1] (see Lovasz [27]). For a graphon W, let

dw(z) = fl W (z,y) dy be the degree of z in W and let

0

(], W)= W(z,y) drdy

(0,1]?

be the density of W. We observe that

D dw)F = N(S, G) + O(n)

veV(Q)

in graphs. Correspondingly, let

tH(Sy, W) = /1 di () dx

be the homomorphism density of Sy in W.

THEOREM 6.1 (Reiher—-Wagner [37]). Let W be a graphon and let k be a positive integer.
Sety=1t(|,W)andn=1—+/1—~. Then

t(Sk, W) < max{y*72 54 (1 —n)n*}.
66
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By the general theory of graphons, Theorem [6.1| gives the same upper bound for I(Sk, 7).

There appears to be an error in the proof of [37, Proposition 3.7], which is necessary for the
proof of Theorem We correct the proof.

We also consider the problem of maximizing the number of copies of Sy in graph G and

its complement G simultaneously. We expect the number of copies of S, in both G and G

to be ©(n**1), so any terms that are O(n*) or o(n**!) can be viewed as error terms. We

prove the following result for k& = 2.

THEOREM 6.2. For all graphs G on n vertices with edge density v, we have that
N(S5,G)+ N (%,G) < 3(7;) max{?vg/2 —2y41, 2(1 —7)¥2 =21 —7) + 1} + o(n®).

This bound is tight. When 27932 — 2y + 1 is the maximum, the optimal construction
asymptotically is the clique. Otherwise, the optimal construction is the anticlique. Note
that these are the same constructions as for Theorem [6.1]

For k = 3, we observe that

N(S5,G)+ N (85,G) = > (dv)*+ (n—d(v))*) + O(n®).
veV(Q)

This motivates our next result.

THEOREM 6.3. For all graphs G on n vertices with edge density v, we have that

TL4

Z (d(v)* + (n —d(v))*) < 5 max {37v*2 =3y + 1, 3(1 =)*? = 3(1 —7) + 1} + o(n?).
veV(Q)

Theorem is also tight, and the constructions are again the clique and anticlique.
We prove Theorem [6.1] in Section [2] We prove Theorems and [6.3] in Section 3]

2. Maximum star densities: correcting an error

In this section, we will correct the proof of Theorem [6.1| from [37]. This involves defining

a new parameter (called T'(WW)) on graphons that we will optimize. Nevertheless, many parts
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of the argument are identical to those in [37], and we will indicate when this is the case in
various lemmas, claims and propositions.

Given a measurable function F : [0, 1] — R, a graphon W, and v € [0, 1], let

D(F,W) := /01 F(dw(x)) dz,
MAX(y, F) := max{(1 = /7)F(0) + v7F(\/7), (1 =n)F(n)+nF(1)},
where 77 = 1 — /T — 7. A measurable function F : [0,1] — R is good for W if
D(F,W) < MAX(y, F'),

where v = t( | ,W) and n =1—+/1 —~; F is bad for W if it is not good for W. A collection

of measurable functions is good (bad) for W if all its members are good (bad) for W. In [37],

a set € of twice differentiable convex functions F : [0,1] — R satisfying certain conditions

is defined. We do not need the details of the conditions here, so we do not state them, but
k

we note that ¢ contains the function F(z) = z".

The error in [37] appears in the proof of the following proposition.
PROPOSITION 6.4 (corresponds to [37, Proposition 3.7]). & is good for all step graphons.

To prove Proposition [6.4] we introduce the following more refined notion of “good.” For

any 0 > 0, say that F' € € is d-good for a graphon W if
D(F,W) < MAX(v, F)+ 06

for vy =t(|,W)and n=1—+/T—~. Say that F is §-bad for W if it is not J-good for W.
We next show that several lemmas from [37] still apply when we replace “good” with

“5-good.” The proofs are almost exact copies of those in [37], and are given in the Appendix.

LEMMA 6.5 (corresponds to [37, Lemma 3.2]). If all functions in € are -good for a

graphon W, then the same is true for the graphon 1 — W.
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Given a graphon W and a real number A € [0, 1], let [A, W] be the graphon satisfying

0 fo<z<Ador0<y<A,
A W](2,y) =

W(%, %) otherwise.
LEMMA 6.6 (corresponds to [37, Lemma 3.5]). If A € [0, 1] and the graphon W has the

property that all functions in € are d-good for it, then the same applies to [\, W].

Similarly, let [W, A] be the graphon satisfying

W, 15) #0<z<l-Xand0<y<1-),

W A(z,y) =
1 otherwise.

The next lemma follows from the previous two lemmas and the observation that [V, A]

is isomorphic to 1 — [\, 1 — W].

LEMMA 6.7 (corresponds to [37, Lemma 3.6]). If all functions in € are 6-good for the

graphon W and X € [0,1], then all functions in € are good for [W, ] as well.

We now prove Proposition Let .¥ be the collection of all step graphons and let .%;

be the collection of all step graphons with ¢ parts.

PROOF OF PROPOSITION [6.4]. Suppose for a contradiction that there exists W' € .
and F’ € € such that F’ is bad for W’. This means that D(F’,W’) > MAX(y, W’). Then
there exists 0 > 0 such that D(F',W’) > MAX(y, W’) 4+ 6. In other words, F” is 6-bad for
W', Let

A=A():={(F,WW) €€ xG: Fis d-bad for W}.

Note that (F',W’) € A, so A # () . Partition A into | J;°, A;, where
A ={(F,W) €% x G, : F is d-bad for W}.

Let k be the smallest integer such that Ay # (). As all convex functions are good for all

constant graphons (see [37, Observation 2.1]), we have k > 2. Pick F' € % such that
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(F,W) € Ay, for some W. Let
W= {W:(F,W) e A}

Let p be the Lebesgue measure on R. Each W € W is a step function with respect to a
partition P = {P,..., P} of the unit interval with oy = p(5;) for all i € [k] and §;; the
value attained by W on P; x P; for i, j € [k]. By the choice of k, we deduce ay,...,a; >0
for all W € W. Define

T(W) := Z oy (d (1))?,
where .
(i) = [ W) dy =3 a8

for all ¢ € [k].
CLAIM 6.8. T := supyepy T'(W) = maxyen T'(W).

PRrROOF. First we note that each .#; has a natural compact topology corresponding to
convergence of all parameters «; and f(3;;.

In particular, the space is homeomorphic to A1 x [0, 1](%1), where A~ is the standard
(¢ —1)-simplex since Zle a; = 1. In this topology, it is straightforward to check that T'(1V),
D(F,W) and MAX(vw, F') are continuous functions of W provided that F is continuous and
that the property of being d-bad is preserved under taking the limit. (This is why we needed
to define the property of being d-bad, as this would not be true if we replaced “d-bad” with
just “bad.”) In particular, this implies that the set W is closed, hence compact. Thus, T'(W)

must attain its maximum in the compact set W. O

Fix W € W with partition P = {P,..., P} and parameters «; and f;; € [0, 1] for all
i,j € [k] such that T(W) = T'. Recall that by the minimality of k, we know that «; € (0,1).
By the definition of W, F' is é-bad for W. Set d; := dw(i). To obtain the necessary

contradiction to complete the proof of the proposition, we will show that F'is §-good for W,



2. MAXIMUM STAR DENSITIES: CORRECTING AN ERROR 71
i.e. that
1 k
D(F, W) = / Fldw(x)) dr =Y asF(ds) < MAX(, F) + 6,
0 i=1

fory=t(|, W)= Zle a;d;. Without loss of generality, we may assume d; < dy < - -+ < dy.
CrAmM 6.9 (corresponds to [37, Claim 3.8]). If 1 <r < s <k and B; > 0, then f;s = 1.

ProoF oF CLAIM [6.9] Suppose, for contradiction, that 3;, > 0 and 3;; < 1. Define
Q € 7 with the same partition P as follows: let d;; denote the Kronecker delta, and set,
for x € P, and y € P,,

(

—(1+p)as if {m,n} = {i,r},
Qlz,y) = (1+d0)a,  if {m,n} = {i,s},

0 otherwise.

\

Let ¢ > 0 be maximal such that W, = W + €@ still satisfies W.(z,y) € [0,1] for all
x,y € [0,1]. By our assumptions on f3;. and §;s, we know that ¢ > 0.

For all j € [k], let d; denote the value attained by dy, () for all z € P;. We have
d. —d, = —(1 4 0y );ase + 04 (1 + 0is ) itse = —av;0ue,
and similarly d, — d; = a;a.e. Further, if ¢ € {r, s}, then
d; - dz = ar(ﬁir - as) + as(ﬁis + ar) - (arﬁir + Oésﬁis) = 0.
Therefore d; = d; for all j ¢ {r,s}. Consequently,
k k
T(We) = T(W) =Y a(d)* =Y ajd; = ap(dy — 2i0s8)? — apdy + as(ds + i)’ — aud
j=1 J=1

= 2eqiapa(ds — d,) + 2aiarag(a, + ay)

> 2atapas(a, +ag) >0
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since oy, a,, a5, > 0 and dy > d, by assumption. Thus T'(W.) > T(W), and clearly
W, € %, so we conclude by the choice of W that W, € W. To complete the proof, we will
now obtain the contradiction W. € W by showing that F is d-bad for W.. First, observe
that

Q(z,y) dedy = a0 ((1 4 0:5)(2 — 0is) — (1 + 6i7)(2 — 0ir)) = 0.

(0,1]?

This implies that ¢( | ,W.) =t(|,W) = v. Next,
1 1
DEIW) = D(EW) = [ Fldw. @) do — [ Flaw(@)) da
0 0
k
=Y a;(F(d)) = F(d)))
j=1
= ay(F(ds + ayae) — F(dy)) + o, (F(d, — ayase) — F(d,))
> a;apae(F'(dg) — F'(d,) >0
by convexity of F' and dy > d,. Since F' is 6-bad for W, we obtain
D(F,W.) > D(F,W) > MAX(y, F) + 6.

This shows that F'is 6-bad for W, and completes the proof of the claim. O
CLAIM 6.10 (corresponds to [37, Claim 3.9]). By > 0.

ProOF. If this does not hold, then 31, = 0 and Claim imply that ;; = 0 for all
i € [k —1]. It follows that there exists W’ € .#;,_; such that W is isomorphic to oy, W]
Due to the minimality of & all functions in % are d-good for W’ and by Lemma the same

applies to the graphon W, contrary to its choice. 0]
CLAIM 6.11 (corresponds to [37, Claim 3.10]). Sy < 1.

PROOF. Suppose for contradiction that 31, = 1. Then By = B > 0, and Claim
implies f; = 1 for all 1 < ¢ < k. So some W' € %1 has the property that [W’ «ay] is
isomorphic to W. This implies that all functions in ¢ are §-good for W’ and then Lemmal[6.7]

implies that all functions in ¢ are d-good for W, contradiction. O
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By Claims and [6.11 we have 0 < 31, < 1. Moreover, by Claim [6.9) £1; = 0 for all

i € [k—1] and Bj; =1 for all j with 2 < j < k. Divide P into two measurable subsets Q)

and Q.1 satisfying pu(Qr) = (1 — Bix)ay and, consequently, pu(Qrr1) = Sirag. Set Q; = P
fori € [k — 1] and Q = {Q1,...,Qk+1}. Let W’ be the step graphon with respect to Q
defined as follows: for z € ); and y € @),

/

By if2<i<kand2<j<k,

W (z,y) =140 if i =1 and j € [k] or vice versa,

1 ifi=k+lorj=k+1.

\
By the last two clauses W’ is isomorphic to a graphon of the form [[ov /(1 —Birow), W], Brro]
for some graphon W”, and by the first clause W” € G;._;. So Lemmas [6.6| and [6.7 show that
F is §-good for W'. Set d' := d, — oy 1 and d” := dj, + a1 (1 — Pyg). Since t( | ,W') =t( |
W) =~ and (1 — Bi)d + Pixd” = dy, Jensen’s Inequality implies that

k k—1
D(F, W) = Z o F(d;) < Z i F(dy) + (1 = Bup) F(d) + B F(d")) = D(F,W").

Therefore, D(F,W) < D(F,W') < MAX(~, F')+0 so F'is -good for W, a contradiction. [

The proof of Theorem [6.1] follows from Proposition [6.4] exactly as in [37].

The error we correct is in the proof of [37, Claim 3.8] (which corresponds to Claim
in this thesis). In [37], T is defined as the number of pairs (i, j) € [k]? for which 3;; € {0,1}
and W € % is chosen to maximize T. Then [37, Claim 3.8] states that 5;. > 0 and ;s < 1
together imply that W, is 0 or 1 on at least 7'+ 1 of the sets P, x P; by construction. However,
this is not true if §;, = 1 and ;s = 0. For example, consider the graphon W defined on the
partition P, = [0,2/5), P, = [2/5,4/5), P; = [4/5,1] by

W o) = 1 if (7,y) € (P x P) U (P2 x Po) U (P, x P3)

0 if(l‘,y)G(PlXPl)U(Plxpg)U<P3XP3)
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(see Figure [6.1). We see that di = 1/5, d» = 3/5, and d3 = 4/5, so di < dy < dj is satisfied.
Setting ¢ = 3, r = 2, and s = 3, we have that 3;, =1 > 0 and ;s = 0 < 1. However, all
entries are already 0 or 1 in W, so W, cannot equal 0 or 1 on more sets than W. Note that
any step graphon with parts ordered by degree such that g;. = 1 and S;s = 0 for some i and

r < s is also a counterexample; the other entries need not equal 0 or 1 as in this example.

0 2/5 45 1

FIGURE 6.1. A counterexample to [37, Claim 3.8] (shaded squares have (3
value 1).

3. Maximum star density in a graph and its complement

We first prove Theorem [6.2]

PROOF OF THEOREM [6.2]. Counting the number of times each induced subgraph of G

on 3 vertices contributes to N(S2,G) + N (52,6), we see that
N(Sy,G) + N (5276) = 3Ninda (K3, G) + Nina(S2, G) + Ning (5_27 G) + 3Ninda (F& G) .
Since every 3-vertex subgraph of G is one of Ks, Ss, S, or K3, it is also true that

Nina(K3, G) + Nina(S2, G) + Nina (52, G) + Nina (K3,G) = <Z)

Thus,
N(S3,G) + N (52,6) = (g) +2 (Nind<K3a G) + Nina (E, G)) .
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Liu, Mubayi, and Reiher [26, Theorem 1.7] combined results of Goodman [15] and Olpp [33]

to prove that
V(K G) Vi (82, 6) < () (1= mingy =% (1=7) = (1= 2)""}) + (o).
Applying this bound and simplifying, we see that
N(S5,G)+ N (855,G) < 3(2) max {29%% — 2y + 1, 2(1 —)*% = 2(1 — y) + 1} + o(n?),

as desired. 0
To prove Theorem [6.3, we make use of graphons.

PRrROOF OF THEOREM [6.3l Recall that 2* € €. We see further that
4 (1—2)P=322-3s+1€%

by [37, Lemma 3.1], [37, Proposition 4.4], and the fact that F' € € implies that cF' € € for
any positive ¢ € € by the definition of 4. Proposition [6.4] gives that 23 + (1 — )3 is good
for all step graphons. As step graphons are dense in the space of all graphons (see the proof

of [37, Theorem 1.3]), this implies for all graphons W that
/01 dw (2)* + (1 = dyw(2))* dz < max{(1 — 7) F(0) + V7F (v7), (L—n)F(n) +nF(1)}
= max {17 +v7 (772 + (1 - v3)°).
VI=7 (1= VI=3) + = 9) 41- VI3
= max {372 =3y + 1, 3(1 —7)*? = 3(1 —7) + 1}

where n = 1 — /1 — . By the general theory of graphons, this implies that
3 3 4n* 3/2 3/2 4
> (dw) + (n—dv))?) < Tmax{?ry —3y+1, 3(1 —7)*? = 3(1 —7) + 1} +o(n?)
veV(Q) )

for all graphs G on n vertices with edge density ~. ([l



CHAPTER 7

Subgraph density of ordered graphs

This chapter is based on joint work with Dhruv Mubayi in [8], published in the STAM Journal

on Discrete Mathematics.

1. Background and results

Recall that an ordered graph G = (V, F) is a graph with a total order on V. We will
let V= [n]:={1,...,n} with the natural ordering. For F' an ordered graph on [s], further
recall that Noq(F,G) is the number of subsets {vy,...,vs} C [n] with v < ve < -+ < v
such that v;u; € E(Glvy,...,vs]) whenever ¢j € E(F). We consider Noq(F,G) when F is
an ordered star. We will show that the following constructions achieve the maximum and
minimum number of copies of certain ordered stars, in particular when the node is either

the smallest or greatest vertex.

CONSTRUCTION 7.1. For positive integers n and m < (g), let a be the largest integer
such that f(n,a) := (g) +a(n —a) < m. As f(n,n) = (g), we have 0 < a < n. Set
b=m— f(n,a). Since f(n,a+1) — f(n,a) =n—a—1, we conclude that 0 < b<n—a—1.

Let Sr(n,m) be the ordered graph with vertex set [n] and edge set
{fvw:vea,weh}U{{a+1,j}:a+2<j<a+b+1}.

In words, S7,(n, m) comprises a complete graph on [a], and in addition has all edges between
la] and [n] \ [a] and b edges between a + 1 and the b smallest vertices in [n] \ [a + 1] (see
Figure [7.1]). Let Sg(n,m) be defined as Sp(n,m), but where the total order on the vertices

is reversed.

76
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all

complete

FIGURE 7.1. Si(n,m).

Formally, S.(k) := Si(k + 1, k) is the ordered left star and Sg(k) := Sg(k + 1, k) is the
ordered right star. Note that Sy, (k) has a =1 and b = 0 (see Figure[7.2).

all edges all edges
\ T—
é: empty )

FIGURE 7.2. Si(k) and Sg(k).

Our main result for ordered graphs is the following theorem.
THEOREM 7.2. Let G be an ordered graph with vertex set [n] and m edges. Then
Nord<SL(k)7 SR(TZ, m)) S Nord(SL<k)7 G) S Nord(SL(k>> SL(”? m))

Theorem implies similar results for Sg(k). There are, up to obvious symmetries,
[(k + 1)/2] different ordered stars with k edges and, apart from Sp(k), it remains open to
prove analogous results to Theorem for them. Indeed, obtaining sharp bounds for these
stars seems nontrivial. We address the first open case when k = 2.

Let M be the ordered graph with vertex set [3] and edge set {12,23}. It seems very
difficult to obtain exact results for Nyq(M,G) so we consider asymptotic growth rates. Let

Nord(F7 G)

(2)

Qord(Fa G) =
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be the density of F in G. Since the vertices are ordered, each s-tuple of vertices can
contribute at most one copy of F' so goa(F,G) € [0,1]. Let (G,) = (G,)32, be a se-
quence of ordered graphs with lim, ., |V (G,)| = co. The sequence (G,) is F-good if both
limy, 00 0(Gy) and limy, o0 0ora(F, G) exist. In this case, we set x := lim, . 0(G,) and

y = limy, 00 0ora(F, Gp) and say that (G,,) realizes (x,y). Define

Iowa(F,z) :=sup{y : (z,y) € [0, 1] is realized by some F-good (G,)},

iord(F, ) :=inf{y : (z,y) € [0, 1] is realized by some F-good (G,)}.

We first give a construction that achieves ioq(, z). As in [26], for any integers n > k > 2

and real z € (£=2, 5-1] let H*(n, z) be the complete k-partite graph on n vertices with parts
Viy..., Vi of sizes |Vi| = -+ = |Vi—1| = |agn] and |Vi| =n — (k — 1) |agn], where

| =

k
o = <1+ 1—k_133>.

It is simple to check that lim, . o(H*(n,z)) = x. We define

g3(x) := lim N(Kg,H*(’I'L,I)).

AT

Let H'(n,z) be an ordered graph obtained from H*(n,z) with any vertex ordering for which
u < v whenever v € V;, v € V; and i < j. Then Noq(M, H' (n,x)) = Nowa (K3, H*(n, x)) and
this implies that

iord(M’ fL‘) S g3($)

Recall the definition of ii,q(F, x) from Section 2] of Chapter [} Lovasz and Simonovits [28]
conjectured that gs(x) is the minimal density of K3 in simple graphs, and this was proven

by Razborov.

THEOREM 7.3 (Razborov [35, Theorem 3.1]). For all z € [0, 1],

iind (K3, ) = g3(x).
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AS iinq (K3, ) = tora(K3, ) due to the structure of K3, we have that io.q(Ks, z) = gs(z).

Note that M is a subgraph of the ordered K3, s0 ioq (K3, ) < iga(M,x). Therefore,
93($) - iord(K37x) S iord(Mu CL’)

and we conclude that
iord<M7 ZE) - iord(K& ZE) - g3(x)

Determining I,.q(M, x) appears to be more difficult.

CONSTRUCTION 7.4. We construct a sequence of graphs (P(n,z))s, for any x € [0, 1].
For each n, define P(n,z) to be the ordered graph on [n] = AU B U C, where |B| =
In(1—+v1—-2a)], ||Al = |C]| <1l,anda<b<cforalaec A be B, c e C with edge set

{ab:a € A,b € By U{biby: by1,bo € B} U{bc:be B,ce C}.

A short calculation shows that lim,, . o(P(n,x)) = x and

n(3 —n?)

lim goq(M, P(n,z)) =
n—oo 2

forn=1—-+1—1x.

CONSTRUCTION 7.5. We construct a sequence of graphs (Q(n,z)), for any = € [0, 1].

For each n, define Q(n,x) to be the ordered graph on [n] with edge set
{ij:5—i<[(1=v1-=z)n]}.
A short calculation shows that lim,, ., 0(Q(n,z)) = = and that for n = 1 — /1 — z,

6n° +6(1 —2n)n*  ifn <1/2,
7111}120 QOrd(MaQ(n7 ZL')) -
2 — 6> +6n—1 ifn>1/2.

Constructions and show that forn =1 — /1 —z,

Ioa(M,x) > max{ lim goq(M, P(n,z)), lim guq(M, Q(n,x))} :
n—00 n—00
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It is an interesting open problem to determine if the inequality is sharp.
PROBLEM 7.6. Is
Iora(M, @) = max { 1im ogra(M, P(n,2)), 1m 00a(M, Q(n, ) }
for any (possibly all) x € [0,1]?

A short calculation shows that there exists zy € [0, 1] such that lim,, o0 0ora (M, Q(n, x)) <
lim,, o0 Oora(M, P(n,x)) iff © < x.

We end this section by summarizing the current knowledge on ordered graphs with three
vertices in Table [} Theorem is proven in Section [2] and justification for the formulas in

Table [1] are given in Section [3]

’ F iord (F,[E) ‘ Iord (F, {L‘) ‘
n=3 m=1|(1- M)z(mﬂ) 3z — 2032
Sp(2), Se2) | (1—vI—2)" 2VT—z+1) |[1—(1—2)**
M g3 () unknown
n=3 m=3 g3 () z3/?

TABLE 1. Formulas for io,,q and I,.q for all ordered graphs on 3 vertices.

2. Proof of Theorem [7.2]

Recall that we are assuming G = ([n], F). For a vertex i in G, the right-degree of i

is di(i) :=|{j > i :ij € E}|. Recall that when we write uv for an edge, we implicitly mean
u < v. The left vertex of vw € E is v. A vertex v has full right-degree it E D {vw : w > v}.

Note that Nowa(Sz(k), G) = 3 icv e (dgk(i))'

PROOF OF THEOREM [.2l If m = 0 or m = (Zi), the theorem is trivial, so we assume
that 0 <m < (’2‘)

Let G = ([n], E) with |E] = m > 0 such that G maximizes the number of copies of
Sp(k) among all ordered n vertex m edge graphs. Suppose that there exists i € [n — 1] such

that df(i) < d5(i +1). Let G; be the ordered graph obtained from G by interchanging the
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positions of i and i 4+ 1 in the ordering of V(G). We say that G; is obtained from G by
swapping ¢ and i + 1.

Since i and 7 + 1 are consecutive in the ordering of G, we have that df(j) = d& (j) for
all j € [n]\ {i,7 4+ 1}. If there is no edge between i and i + 1, then df(i) = dg (i) and
di(i+1) = d (i 4 1) as well, so N(SL(k),G;) = N(S(k),G). If there is an edge between
i and i + 1, then df (i) = d5(i) — 1 and df, (i + 1) = d5(i + 1) + 1. By convexity of the

binomial coefficient and the fact that df(i) < df(i + 1),

NOI‘d(SL<k)7Gi) - Nord(SL(k>7G) = Z (dG}{;(])> B Z

JEV(Gy) JEV(G)

(
_ (<d212(.i)) N (da(; +‘1))) N ((dékfi)) N (dé(ik+ 1)).>
() (D) ()

We continue swapping adjacent vertices in this way until there is no ¢ € [n — 1] such that
di(i) < df(i +1). Call the resulting graph G'. Then df,(v) > df,(w) for all v < w and
Nowa(Sp(k),G") = Nowa(SL(k), G) by our assumption on G.

Let ver :=min{i € [n] : df (i) < n — i}, which exists since m < (3), and choose w € [n]
such that w > vg and vew € E(G'). Let xg := max{i € [n] : df, (i) > 0}, which exists
since m > 0. For brevity, set v' := vg and 2’ := x. Note that if o' = 1, then 2/ > 1 =v/;
if v/ > 2, then the definition of v/ implies that df,(v' — 1) =n—v +1>0,s0 2’ > v/ — 1.
Thus v" < 2/ + 1. In the next paragraph, we show that there is a graph G” with the same
number of copies of Sy (k) as G’ satisfying xgr < vgr < xgr + 1.

Suppose that v' < 2’ and fix y € [n] such that 2’y € E(G") (recall that this notation
implies ' < y). Let H = ([n], (E(G") U {v'w}) \ {2'y}). Then df(v') = df,(v') + 1 and
di(z') = df,(a") — 1. By convexity of the binomial coefficient and the fact that df,(v) >
dg (),

Nord(SL(k)a H) Z Nord(SL(k)7G,) = Nord(SL(k)7G)‘
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We continue adding and deleting edges in this way until we reach a new graph, call it G”, sat-
iSfinlg (Veld Z g . Notice that Hireld S (e S T + 1 and Nord(‘SL(k); G”) = Nord(SL(k)a G)

Setting v := vgr, we further see that
EG)={ij:iev—-1],j€[n]}UA

for some A C {vj:je{v+1,v+2,...,n}} with |[A] = b for some 0 < b < n —v. Since

d&n(v) = b and df, (w) = 0 for w > v,
Noxa(SL(k), G) = Nowa(S1.(k), G") = Nowa(Sr(k), Sr(n, m))

as required.

Let G = ([n], F) with |E| = m such that G minimizes the number of copies of S (k)
among all ordered n vertex m edge graphs. Suppose further that there are some 7,j € V(G)
with ¢ < j such that d5(j) <n —j and df(i) > dZ(j). Then choose v € [n] such that j < v
and ju & E. As df,(i) > d5(j) > 0, we also choose w € [n] such that i < w and iw € E. Let
H = ([n],(FU{jv}) \ {iw}). Then dj;(i) = d&(i) — 1 and dj;(j) = d5(j) + 1. By convexity

of the binomial coefficient,
Nord(SL(k>7 H) S Nord(SL(k)a G)

By our assumption on G, we must have Noa(SL(k), H) = Nowa(SL(k),G). We repeatedly
remove an edge iw and add an edge jv for i < j satisfying d*(j) < n —j and d*(i) > d*(j)
until no such ¢ and j exist. Call the resulting graph G’ and note that G’ has m edges. Then
Nowa(SL(k),G") = Nora(Sp(k), G) and

for all i < j in G, either d},(j) =n — j or d, (i) < dl.(j). (46)

We note here that the right degree sequence of Sg(n,m) is given by (not necessarily in the
vertex order):

0,1,....,a—1,a,...,a,a+1,...;a+1. (47)
——
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Our plan is to alter G’ until its right degree sequence is the same as in . This will allow
us to conclude that Nowq(SL(k), G") = Neowa(SL(k), Sp(n,m)).

Set ve :=min{j € [n] : d%,(j) = n — j}. For brevity, set v := vg. Then df, (1) < df(5)
foralli < j <v'—1by . Furthermore, if there exists i > v such that df, (i) < n—1, then
we can find consecutive vertices x,y such that o' <z <y, d5(y) <n—yand d5, (z) = n—=z.
But this is impossible as implies that df, (y) > df/(z) = n — 2 > n —y. Consequently,
di(i)=n—iforallie {v,v'+1,...,n}.

If v/ = n, then d5,(n—1) = 0 and d, (i) < df,(n—1) = 0for alli € [n—1], so |E(G")| = 0.
This contradicts m > 0, so we must have v/ < n. If d/, (i) > n —v' +1 for some i € [v' — 1],
then since ¢ <v' — 1, we have df, (v' — 1) > dg,(i) >n—v"+1=n— (v —1). This implies
that d5, (v — 1) = n — (v — 1), contradicting the definition of v’. Therefore v < n and
d& (i) <n—0 foralli € [/ —1].

Next, suppose that df,(1) < n — v — 1. Note that d5,(v') =n—v >n—v -1 >
dt,(1) implies that df,(v') > df/(1) + 2. Choose x € [n] \ {1} such that 1z ¢ E(G’) and
y € {v+1,...,n} such that v'y € E(G’). Let H = ([n], (E(G") U {lz}) \ {v'y}). Then
df, (1) =d5 (1) + 1 and d, (v') = df,(v') — 1. By convexity of binomial coefficients and the

fact that d, (v") > df. (1) + 2,
Nord(SL(k)a Hl) < Nord(SL(k)a Gl) = Nord(SL(k)a G)

We continue adding and deleting edges in this way until we reach a graph, call it G”, that
satisfies d, (1) > n — vgr — 1. Note that n —vgr — 1 < df5. (1) < n — ven.

Set v := vgr. Since the right-degrees of vertices z are nondecreasing for 1 < x < v, there
is some 0 < by < v such that dj5, (i) =n —v—1for all i € [v— by, d5. (i) = n — v for the
remaining by vertices v — by + 1 < ¢ < v; we have already observed that d,. (i) = n — i for

all i« > v. Thus the right degree sequence of G” is given by

0,1,....n—v—=2n—v—1....n—v—1Ln—v,....,n—v. (48)

S\

-~

~~
v+1—bg bo
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If bp = v, set b =0 and a = n — v. Otherwise, set b = by and a = n — v — 1. In either case,

the degree sequence of Sg(n,m) in (47)) is the same as that of G” in and therefore
Nord(SL(k>7 G) = Nord(SL(k>7 G//) = Nord<SL<k)7 SR(TL, m))

as required. 0]

3. Ordered graphs on three vertices

First, we address the ordered graphs on three vertices and only one edge. Let Fj; have
vertex set {1,2,3} and only one edge ij for i,j € {1,2,3} distinct. We obtain the following

result.

PROPOSITION 7.7. For any x € [0,1], we have that Io,q (Flo,2) = 3z — 22%/% and

iord (Fia,2) = (1= vT—2)" (2vT =z +1).

PROOF. Let G = ([n], E) be an ordered graph with |z(})| edges and note that every
edge ij € E(G) (for i < j) contributes exactly n — j copies of Fis.
Let G be chosen to maximize the number of copies of Fis. Suppose that i;j; ¢ E and

isjo € E for some iy, s, j1, jo € [n] such that i1 < j; and j; < jo. Now delete iyj, and add

11J1. By doing this, we have gained
n—ji—(n—ja) =J2—Jj1>0

copies of Fis. This contradicts our choice of G, so no such pair of edges exists. Thus, G
contains all of the edges with the least right vertex, so G must be a clique on the smallest

V@ - n vertices asymptotically. Taking the limit, we see that

[nv/z] [nv/z]
+ —
Iord (FlQ,fE) = lim ( 3 ) (TL nLn\/EJ) ( 2 ) — 1,3/2 + 3 (1 _ \/E) r =37 — 2333/2'
n—00 (3)
Now let GG instead be chosen to minimize the number of copies of Fj5. Suppose that

ij; € E and iyjy ¢ E for some 11,19, j1, 72 € [n] such that is < js and j; < jo. Now delete
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1171 and add 29j5. By doing this, we have lost
n—ji—(n—js)=j2—Jj1>0

copies of Fi5. This contradicts our choice of G, so no such pair of edges exists. Thus, G con-
tains all of the edges with the greatest right vertex, so G must be Sg (n, x(g)) asymptotically.

Taking the limit, we see that

ford (P2, ) = lim (VIR /T =) - (YR
or ) s (T3L) |

which is equal to
(1—Vi—a2) ' +3Vi—z(1-Vi-2)' = (1-Vi—2) 2VI—z+1)
as claimed. U

By symmetry, the same is true for Fy3. The proof is a bit different for F}3.

PROPOSITION 7.8. For any x € [0,1], we have that I,q (Fi3,z) = 3z — 22%/% and

iora (Fig,w) = (1= VI—2)" (2T =2 +1).

PROOF. Let G = ([n], E) be an ordered graph with |2 (})| edges and note that every

edge ij € E(G) contributes exactly j —i — 1 copies of Fi3. For an edge ij € E, let j — i be

its length.
) Finite example of construction maximiz- ) Finite example of construction minimiz-
mg F13 lIlg F13

FIGURE 7.3. Extremal constructions for Fjs.
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Let G be chosen to maximize the number of copies of Fi3. Suppose that i1j; ¢ F and
inQ € FE for some 11, ig,jl,jQ S [TL] such that i; < jl and jl — 1 > jg — i5. Now delete igjg

and add 71j;. By doing this, we have gained
=it =1=(2—ia—1)=(j1 —i1) = (ja —12) > 0

copies of Fi3. This contradicts our choice of GG, so no such pair of edges exists. Thus, G
contains all of the edges with greatest length. For GG to have edge density x, it must contain
all edges of length at least (1 — /x)n asymptotically. A finite example of this construction
is visualized in Figure[7.3a] Taking the limit, we see that

Zn: s n(n—ﬁ)ﬂ
Lo (Fig, ) = lim ===

S0

= —2(2v/x — 3) = 3z — 2252,

Now let GG instead be chosen to minimize the number of copies of Fi3. Suppose that
i1j; € E and iyjs ¢ E for some i1, 19, j1, j2 € [n] such that i; < j; and j; — i1 > jo — i5. Now

delete 717, and add i5j>. By doing this, we have lost
h—ii=1=(2—iza—1)=(1—i1) = (ja—12) >0

copies of Fi3. This contradicts our choice of GG, so no such pair of edges exists. Thus, G
contains all of the edges with least length. For G to have edge density x, it must contain all
edges of length at most (1 — \/H) n asymptotically. A finite example of this construction
is visualized in Figure Taking the limit, we see that

(1-vT)

iord (Fi3, ) = lim ==L (nn —oe=-b _ (1-vi—z) (2VT—z+1),

e (5)

as claimed. O

Now, we consider S (k) and Sg(k). Due to symmetry, we just compute Iq (SL(k), )
and iorq (S1(k), z). By Theorem [7.2] we know that the construction maximizing the number
of copies of Sy (k) is Sy, (n, (%)), while the construction minimizing the number of copies is

Sk (n, x(g)) Notice that, as we are only considering the number of copies asymptotically,
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n

we may assume that b = 0. In S (n,x(2

)), every triple of vertices except those entirely
contained in the empty section include Sy (k) as a subgraph, so we see that
: (n) — ( 1_m) 3/2
Ioea (Sp(k),2) = lim ~¥——_3 2 =1 — (1 —21) /2,

()

In S (n, x(g)), it is exactly the triples of vertices with at least two vertices in the complete
section that include S (k) as a subgraph, so we see that

1= (1-vI-z)n (1—vI-z)n
o (Sp(8),2) = tim Y= E ) + (7

n—oo (%) ’

which is equal to
3VI—z(1-VI—2+1-VI—-2P=01-V1I-2)>*2V1—-z+1)

as claimed.
It remains to justify the last row of Table [l When F' = Kj, the ordered graph case
is the same as the simple graph case. Thus we are able to apply Theorem to see that

iord (K3,7) = g3(2) and the Kruskal-Katona theorem [19], 21] to see that I,.q (K3, ) = /2.



APPENDIX A

Key inequalities for the inducibility of rainbow graphs

We prove key inequalities from Chapter [2]

Proor oF ({)). Let ¢,¢' > 0 and t,# > 0. Recall that p(q,t) is the maximum of [, ¢;
where ¢1 + --- + ¢ = ¢ and each ¢; > 0 is an integer. Let ¢,...q integers such that

(g, t) = H:f:l ¢; and ¢}, . ..q, integers such that p(¢',t') = Hz;l ¢;. Then,
Gt tatdtota=q+d.

Thus, the fact that p(q+ ¢/,t + t') is a maximum gives that

t
pla+d.t+t)>]a]] 4 =rla.t)p(d 1)

as desired. 0

PROOF OF . We will show that

1 0.6 \"?
LN Y
11 (k—Q)

for all £ > 11. This is true for £ = 11. By and the fact that & > 11,

L1
FET =17 e(k— 1)1

1 0.6 \"
S Y (e
ek — 1)1~ (k—Z)

for £k > 12 by induction on k. For £ = 12, plugging in certifies that this is true. By the

We will prove that

inductive hypothesis, assume that

W > 1.4 (ko;_(sg)k_g. (49)
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We see that

(k—2)"2 0.6(k—3)F3

(k — 2)2—1
(k—1F1~ (k—2pk2

(k — 1)F=1(k — 3)k=s

or equivalently f(k) := > 0.6

since

F(11) ~ 0.89 > 0.6

and

>0

d B (k — 2)2’“’4 (k—1)(k—3)
a! B = e s ( k22 )

since (k —2)* > (k — 1)(k — 3). Then, by and (50)), we see that

1 1 (k — 2)k2

ek — 1)F1 ek —2)k2 (k—1)k1

k—3 _ 9\k—3 k—2
s (00 T 06k =TT (06 N
k—3 (k — 2)k2 k—2

ProOOF OF ((10]). We will show that

1 (k—D*! _i>zk71
l+e¢ kF—k 3k —

for all £ > 11. Recalling that £ < /100 and v < 1, we obtain

L (k=D 100 (k-1
l+e kr—k — 101 Kk—Fk

Plugging in k£ = 11, we see that

By and the fact that £ > 11,

100 (k—1*! _ 100 1
101 kF—k ~ 101 ek’

89

(50)
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So, it suffices to show that

for all £ > 12. We do so by induction on k. For & = 12, it can be verified directly. For the

induction step, assume that k£ > 13 and

100 1 [

101 e(k—1) 3(k—1)~

Using Lemma 2.7} we have (k —1)/k > 12/13 > 0.5 > z and this yields

100 1 1 100 1 1

[ B . k—1 k-2 k—1
101 ek 3k \101 e(k—1) 3(k-1)) &

completing the proof. 0



APPENDIX B

Supporting lemmas for maximum star densities
We prove supporting lemmas from Chapter [6]

PROOF OF LEMMA [6.5l Let F' € € be the function that we want to prove d-good for
1—W. Using the fact that G : [0, 1] — R given by G(x) := F(1—x) from [37, Lemma 3.1(ii)]
is 0-good for W we find that

y=t(|,1=-W)=1-t(], W)andn=1—+/1-1

satisfy

/0 F(dsw () = / Gldw (2))
< max{<1 /1 —’y) G(0) + /1 -G (\/1 —7)  VAG —A) + (1 - ﬁ)G(l)} +6
— max{(L - ))F(n) + nF(1), (1 - yA)F(©) + yiF(/7)} + 6

as desired. n

PRrROOF OF LEMMA [6.6l Let F' € € be any function that we want to prove d-good for
(A, W]. By [37, Lemma 3.1(iii)], the function H : [0,1] — R given by H(z) = F((1 — \)x)
for all z € [0,1] is in €. Thus it is d-good for W, which tells us that

[ () do < max{(1= VRHO) + VI (=)0 +nH (1)} +
where vy =¢( | ,W) and n =1 — /1 —~. Since

/01 F(dpwy(z)) dz = AF(0) + /: F <(1 — Ndw (f — ;)) dx

— AF(0) + (1 - N) /1 H(dw () dz,
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it follows that either

/0 Fdpany(@) dz < AF(0) + (1= (1 = yA)F(0) + VFF((1 ~ \)y/7) +9)
=AF0)+ (1 =XN1—=V7)F0O)+ (1 =XVAF((L=XN7)+ (1 —=X)d
< AF(0) + (1= A)(1 = VA F(0) + (1= NyFF((1 = A)y/7) + 0.

or

/0 Fldpar(x)) dz < AF(0) + (1 — (1 — n)F((1 — \)n) + nF(1 — A) + )
— AF(0) + (1= N1 =) F((1 = Nn) + (1= NnE(L —A) + (1= \)b
<AFO) + (1= N1 =) F((1 = \)n) + (1 = NnF(1 = \) + 6.

In the former case the right side simplifies to

(1= V7)) FO) + VAF (V7)) +56,

where 7' = (1 — A\)?>y =t( | , [\, W]), meaning that F is, in particular, §-good for [\, W].
So we may assume that the second alternative occurs. Setting z = A, y = (1 — \)n, and

z=(1—-X)(1—-mn) we thus get
/0 Fldp(x)) dz < 2F(0) + 2F(y) + yF(y + 2) + 0.

Since y? + 2yz = (1 — X\)2(2n — n?) = (1 — X\)?y = +/, it follows in view of [37, Lemma 3.3]

that

[ Fnn de < max{ (1= V7) £+ VE (V) 0= F i FD)

where 7’ = 1 — y/1 — /. This tells us that F is indeed é-good for [A, W]. O



APPENDIX C

Copyright Statements

Much of the material in Chapter [2| was previously published by Cambridge University

Press [7]. On their website, it states:

“This is an open access article distributed under the terms of the Creative
Commons CC BY license, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.”

Chapters [4, [6] and [7] include material that was first published in the SIAM Journal
on Discrete Mathematics in 2025 [8], published by the Society for Industrial and Applied
Mathematics (STAM). Copyright (C) by STAM. Unauthorized reproduction of work from this

article is prohibited. The policy as stated in the Consent to Publish form is:

“The Author may reproduce and distribute the Work (including derivative
works) in connection with the Author’s teaching, technical collaborations,
conference presentations, lectures, or other scholarly works and professional
activities as well as to the extent the fair use provisions of the U.S. Copy-
right Act permit. If the copyright is granted to the Publisher, then the
proper notice of the Publisher’s copyright should be provided. ... In any
authorized reproduction or duplication of the work, in whole or in part,
by the Author or an entity as permitted herein, the original publication
must be properly credited in the following manner: “First Published in
[Publication] in [volume and number, or year|, published by the Society
for Industrial and Applied Mathematics (STAM)” and the copyright notice
as stated in the article itself (e.g., “Copyright (©) by STAM. Unauthorized

reproduction of this article is prohibited.”) must be placed on all copies.”
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